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ABSTRACT 

~- This document ^reports in detail an, investigatipn of 
the cognitive processes and learning difficulties of ninth-grade' ' 
students in Algebra I. A clinical interview approach was Used 'with 14 
students. A grouj^of six Hispanic students and a. grou^p of five Anglo 
students were enrolled in the same algebra class; a group of three 
Hispanic students who hacUbegun algebra^ one-half year earjier was 
also included. Pr'obed were students* appreciation of algebra as an 
abstract logical system, command of the formal operations' of Algebra, 
ability to use algebra, and ability to solve problems. Performance in 
English vs. Spanish was compared, and students' teaching styles were 
analyzed as -they taught peers* It was found that student's preferred ^ 
not to use algebraic techrfiques in solving problems, were poor ^at 
verbalizijng definitions and ftfocedures ?nd at translating problem 
sta^tements into equations, did not use their textbooks very much 
except as a place to find assigned problems, and treated algebra as a 
rule-based discipline, not as a concept-ba^sed one. Detailed 
descriptions of student performance are'glTvenr and findings are 
discussed in relatron^to textbooks, pedagogy, linguistics, and - 
directions for future research. Nine recommendations for improved 
pedagogy and learning. are also presented. Questions asked in eight , 
'interview sessions are appended, as is selected background 
information on. student participants. (MNS) 
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t. INTRODUCTION 

There has been an increased concern in recent years over the 
poor ma.tlj|fafltica1 preparation of the general populace. Of part- 
icular cmKw^n has been the decline of mathematical preparedness 
of entering college students. It is a wel 1 -documented fact that 
standard indicators of mathematical aptitude", such as the Scholas- 
tic A'ptitute Test (Educational Testing Service, 1948-1982) have 
shown a monotonia decline over the last decade (Harris, 1976; 
Harneschfeger dnd Wiley, 1976; Braswel 1 , 1978). Several ex- 
planations., both academic and sociological, have been offered for 
this decline (Ectson, 1976). Perhaps the most cogent academic 
explanation for the lower mathematical preparation of college ' 

^students' is the decline in the overall enrollment in high^ school ' 

' second year algebra (National Science Foundation, 1980), coupled 
with the attenuation in high school mathematics enrollments as the 
level of the mathematics course becornes. more advanced (y^itionalv 
Assessment of Educational Progress, 1979). This situation has 
given rise to an anomaly which is rapidly gaining ^fcceptance — 
college level remedial mathematics programs (Whitesitt, 1982). 

The purpose of the. current research was to investigate the 
cognitive processes employed by ninth grade students enrolled in 
Algebra I. The choice of algebra for the subject of tfiis study 
Has not arbitrary: Algebra is traditionally the first' mathematics 
course where students encounter concepts which are much more 
subtle and abstract than the simpler arithmetic manipulations of 
their prior math courses. Further, because algebra is the found-, 
ation upon which the majority of advanced mathematics is based, 

, any insights gained from researching this area may eventually make - 
the learning of al^bra a more efficient process. Some national 
TOthematical organizations have even gone on record to emphasize^ 
the importance of algebra for college level work over other mathe- 
matics courses ^taught in high school (The Mathematical Association 
of America and the National^ Council of Teachers of Mathematics,, 

' 1978). ' \ ' 

A clinical interview approacli was emp'loyed^or data collection. 

' .1.. ■ 



The use of- clinicdl,,interviews to study problem solving has' met. ^ 

with some success. ^ Unlike any paper-and-pencil assessment, the^ - 

*^ ^ , • 

clinical interview approach is unique in permi^tting immediate feed- 
Back' and interaction between the interviewer and subject. This 
allows the^ln^erviewer to .probe for the cause of cfifficul ties and 
misconceptions as they arise during the interview-- something which 
is not possible with .non- interactive data collection techniques. 

The focus of this study was on^the learning difftcultigs ex- 
perienced by Hispanic student? • There are several reasons for 
th^is focus, As^will become evident in a "section- later in this 
chapter whicfTreviews past researqh studies, the number of investi- 
gations that have focused on the learning' and performance of 
Hispanics in mathematics is vanishingly rSmall . Further, several 
statistics published in . The Condition of Education for Hispanic 
Americans (National -Center for Education Statistics, 1980) reveal ^ 
that the educational, as well as socioeconomic situ^ati^on of ^^^s- 
panics in' thTma^land i's bleak* For example, even though in »• 
T97&, .Hispanics in the mainland comprised 5.*6% of the total popu- 
lation, 'the percentages of Hispanics enrolled in 4-year college 
prograi]is, graduate prog'rams, and professional programs were- 2,8, , 
2.0, and 2;1, reispecti vely, of the total student enrollment. In 
terms of college' enrollment in fields where a strong mathematical 
preparation is indispensable,--^h as engineering and physical 
science', Hispanics are substtMwally underrepresented; the per- 
centage of ;White-non-Hispanics enrolled in these fields out of €he 
total white-non-Hispanic undergraduate enrollment is more than 
twice that of the percentage of Hispanics enrolled in these fields 
out of the total Hispanic undergraduate enroUment. Tliere is a 
need for more research efforts which may help in the development 
cf strategies for increasing the number of Hispanics wishing to 
pursue math/science related professions. 

Finally, we would like to comment that the results of this 
study have a wider applicability than is implied by the title. 
Even though this study focused on Hispanic students, the majority 
of the findings apply not only to the Hispanic participants, but 
also to a control group of Anglo students who participated 




in the study. ^ 

A- Study Site ^ , - 

The study was conducted in a small city in western, Massa- 
chusetts. There are apprcfxjmately 45,000 inhabitants in the city 
and 6,200 of these are of Hispanic origin (figures taken from 198\) 
census). The school system has a total of approximately 8,D00 
students at all levels with 2,300 of thera Flispanic, The school at 
which the^.study was conducted was a small 'junior high school 
(grades 7 through 9) wtth • 5^2 total students, 128 of whom >/ere 
Hispanic. The study was conducted during the 1981-1982 academio 
year. , ^ 

4 

- It should be. pointed out that the Hispam'c composition of this 
community has undergone a tremendous increase since the 1970 census 
Figures from the 1970 censu^ place the number of persons Qf His- 
panic origin in this city at 1,870. This 230% increase in the 
last decade was largely due to an influx. of Puerto Rican seasonal 
agricultural workers who opfed^to make this community their per- 
manent place of residence. 

The teacher of the Algebra I class fronj which the subjects 
came was an integral part of the study. The classroom style used 
in 'the Algebra I coiirse was traditional, with'^the teacher present- 
ing pew mateK^^al during the first half of eaiih* period, and the 
student^ working out examples ^and asking questions during the ^ 
second half. / 

B. ' Review of Relevant Research^ 

This section has^een divided Irv^o four sul^s'ections covering 
the following topics: 1) Effect of cultural and socioeconomic 
factors upon performance, 2) ^Cognitive style, Piagetial level, and 



*Me Will be deliberately vague in identifying the study site by ' 
n&me. The agreement between the principal investigators and the 
School system in question stipulated, that the school system an^ 
ajlpeirsc^s participating in the study from the school system 
would remain anonymous. ) 

■ 1 
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mathematics, 3) Research tn mathematics 'education, and 4) Research 
tn mathematics education with bilingual subjects. 

Effect of Cultural and Socioeconomic Factors Upon [Performance 

When engaged fn research with d^iffering ethnic or cultural • 
groups, special care must be taken to ensure that findings, are in- 
terpreted appropriately. Often, the criteria used by the experi-' 
menter to judge performapce when dealing with diverse cultural 
groups are not the same as the criteria used by the subjects., Care- 
ful analyses of. non-standard responses *fn several Cross-cultural 
Sadies have, in many instances, revealed that the logic used f rf ' ' 
performing certain cognitive' tasks 'is entirely in keeping with the 
"logic" of the culture, and that the suoposed non-standard respon-' 
sesT are inditative of intelligent behavior in that culture. 

A well-known example of this difference in standards is a . ^ 
study conducted with the Kpelle' triba of Liberia (Cole', M. and 
Bruner,- J.S., 1971; Cole, M., Gay, J.,.Glick^ J., and Sharp, D.,^ ' 
197"}'). On a classification task^ Kpelle subjects were asked to 
group all. objects- that belonged togithe^. There were 20 objec]:s, - 
5 each fron^ the following categories: food, clothing, tools, and 
cooking utensils.^ Many of the' Kpelle classified the objects^ into 
10 groups of 2. For example, a knife and a potato were placed 
together, because the'knife cuts 'lihe potato. This type of classi- 
fication, considered useless by Western standard^, was considered* 
[practical and 'i}ntelli gent behavior by the Kpelle. In fact, when 
•asked how a fool might classify the objects,^ the "stajidard" 
classification of 4 groups of 5 obg'ects each, was given. 

In the Navajo indian culture, Ohannessian (1967) found that 
subjects were reluctant to engage in problem solving tasks^ntil 
they were confident of success. To try too soon and faiV was 
tantamount to being shamed in that c)ilture. According to Wober 
(1972), certain Ugandan groups associate wisdom with "slowness" ^ ' 
rXther than "quickness\ Wober also notes that the more schooling 
a Ugandan has, the farther away he/she is from the ability^ 
slowness association. To have interpreted these. two behaviors by X 
Western standards woul4^have clearly led to severe mlsunderstand^ings; 

4 • . - > ' - 
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Another factor which can often have a confounding effect on 

research fil^dings,if not taken into account -appropriately, is soero- ^ 

economic status (SES). A cross cultural study by Hertzig, Birch, 

^omas, and Mende2(1968) illustrates this.vThis study .compared 

-the performance of. middle class Anglo and worktng class Puerto 

Rftan three year-olds at various cognitive t&sks,'and arrived <at 

conclusions that paint a somewhat bleak picture" for the Puer^to • , , 

« 

Rican group,' namely: ] 

- Puerto Rican children were more likely to be distracted from 
the task, and stay distracted, than were middle class Anglo childrea. 

-Middle class J\nglo* children responded to cognitive demands, 
by ver^^ali^ation much .more frequently thpin fciy action or gesture"^ ; 
Puerto Rfcan ch41dren tended to use pass^'ve and silent unresponsi ve-^ 
ne^ frequently. ^ • ♦ - ^ , . 

- The "atmosphere" of ^ the middle class families was business- 
like,' and middle class parents considered toys as a source of 
educational experiehce. The atmosphere in Puerto Rican working, " 
class families was muth more social,, and Puer^b Rican parents 
regarded their children's toys as amusements. 

The researchers claimed that styli^tip differences between the 
groups were sustained when I.Q, level was contr6lled for, and' claimed 
also to ltiave«controT,led for other significant variables, suqh as family 
stability and ethnicity of the interviewer, implying that the 
differences found were cultural. Since the Hertzig et aT. study 
was supposed tb be comparing middle class childrep with lower 
•cla^s :children, there Were substantial differences in SES among 
subj«ects. However^ the low SES subjects were Puerto 'Rica^n while 
the high SES subjects were. Anglo . For example; 87% of the Anglo 
fathers had ha6^t least some college preparation, whereas 84% 
of the Puerto Rican fathers^had not even completed" a high 
school program.'^ lt\ addition, 75% of the Anglo fathers were 
professi^onals or business executives, whereas 61% of the POerto 
Rican fathers were unskilled workers- All of the Anglo families , 
lived in suburban or urban apartments and houses, whereas 86% of 
the Puerto Rican families lived in low-income public housipg 
projects. 



A 

Given the large differences in SES factors between the two* 
groups, it is not clear how informative this- study really is^ In 
fact, since there were near perfect correlations between ethnic 
class membership and SES, to attribute the "negative" findings to 
ethnic group membership without adequately controlling for SES is 
misleading. It would have beer| more useful to compare the Puerto 
Rican group studied with an economical ]y and educationally equiv- 
alent group of Anglo families before drawing Conclusions about 
cuHural differences, especially in view of the study by Anastasi 
and deJesus (1953)\tited in the Hertzig et al • paper which' con- 
cluded from observations *of children during free play, that Puerto 
Rican children were not found to be less verbal than Anglo children. 
Hertzig et al. do point out in their conclusions that if these 
differences between middlg class Anglo and lower class Puerto Rican 
^children persist, a conventional educational setting would be less 
effective for the Puerto -Rican group and would likely result in 
higher achievements by the Anglo group. 

Another well-known study by Lesser, Fifer, and Clark (1965) 
investigated various cognitive abilities among Chinese, Jewish, 
Black, and Puerto Rican children. The study concluded that sig- 
nificant ethnic differences existed among the groups, and that 
socio-economic status affected performance; that.i$, a lower SES 
implied a poorer performance.^ The study also presented Puerto 
Ricans as the group ending last;- or next to last, on th^ general 
intelligence tasks in relation to other ethnic groups. Since then, 
there have been several studies (Reiss, 1972; Leifer, 1972;^ Burnes , 
1968; ^Flaugher and Rock, 1972) that compared the perforjnance of - 
different ethnic groups on cognitiva tasks and found no clear • 
evidence supporting the premise that performance was directly 
related to ethnicity. 

More recent studies have demonstrated a relationship between 
academic performance and SES. In a study with Hispanic college 
students majoring in science and engineering, Mestre and Robinson 
(19^2) found statistically significant differences in the obvious 
direction between low-, and high-SES subjects in college grade 
point average, vocabulary, and two measures of algebraic problem 



solving ability. Bender- and Ruiz (1974) found in a^ study with 
Mexican-AmerlcBn hi^h. school students that class membership was 
mor^ si'gmficaht than .race in determining levels of achievement 
and aspirations, Y^j: anotner study bj^Buriel and Saenz (1980)* 
found that, in comparison 4o noTi coll ege-boundjiexi can-American , 
females, col lege' boijnB>Gt«Uanas ''came, from/higher income families.^ 

Should be*poitA|fed out that thi'S positi vexorrel.ation between ' * \ 
SES and academic achievement is not endeqiic minorS't^^^^oiTps , ^ ^ 
but holds for rron-minority^groups 4s well (Sewell, 197^1; SfiweTl ^ 
and Hauser, >975), * ^ ' ^ ' *^ X 

Cognitive Style, Piagetian Levef, and Mathematics 

Cognitive style, which refers, to individual 'variations in 
modes of perceiving, remembering, transforming, and utilizing in- 
formation, has been shown to differ adross different cultural and 
linguistic groups (Berry and Dasen,1974; Cole and Bruner, 1971; . 
Witkin and Goodenough, 1976; Witkin-,' Dyk, Paterson,. Goodenough, 
and Karp, 1962). Cognitive style is also supposed to be a dif- 
ferentiating measure in the analytic domain. More specifically, field 
..independent individuals allegedly possess more highly ^e^loped 
analytic, and problem solving abilities than i^ield-dependent in- 
dividuals (Ka^an and Buriel, 1977; Wi tki n , Moore, Goodenough, and 
*Cox, 1977), Field-dependency constructs have been used to differen- 
tiate in the personality and sociaS domains as well/ For example, 
field-independence is associated with attributes such as positive 
self-evalation, assertiveness, and a preference to work independent- 
ly, whereas field-dependence is associated with low self-evaluation, 
passivity, and a preference toward group activities (Kagan and' 
Buriel, 1977 and references therein). 

0The cognitive style construct has evolved into an association 
between -field-dependenfce/independence and chi Id' rearing practices,^ 
and since child rearing practices depend upon cultural values, . 
certain cultures "promote" tfje development of one cognitive style 
over another. The fact that Hispanjcs have tested to be more field- 
dependent than Anglos (Holtzman, Diaz-Guerrerb, and Swartz, 1975; 
Kagan, 1974; Buriel, 1975;'Mebane and Johnson, V970; Witkin, Price- 
Williams, Bertini, Christiansen, Oltman, Ramirez, and Van Meel , 
1974) has been used t^ explain the lack of "mathematical proclivity" 



of Htspanics. 

^ Although the evidence is not icicontrovertible,' there are in- 
dications that performance anjl le%rning style in mathematics may be 
related to fieldrdependency miksures. For example, a study by 
ficLeod, Carpenter, McCormack and Romoualdas (1978) resulted in 
field-dependent (nonminority) student^ responding betteryio/in- 
structional treatments in mathematics which had substantial guid- 
ance; in contras^, field-independent students^ responded better 
with minimum guidance* Other studies. have resulted ifi.statistically 
sigr]ificant correlations between mathematics performance nl^d. - /* 
measures of field-dependency (See Table 2 in Kagan and Buriel, 1977; 
Erh, 1980). ' . ' • 

Another measure of an individual's cognitive prowess concerns 
his/her Piagetian level- Perhaps less culture dependent than other, 
measures, Piagetian levels supposedly delineate an individual's , 
cognitive ability in a hierarchy of categories (e.g., concrete, - 
formal, etc.). The higher the category of an individual the more 
likely that this individual will do well at complex cognitive tasks. 
Since the existing literature on Piagetian assessments concerning 
bilingual populations is extensive, we will only review a few 
studies, and point out some of their limitations. 

One thing is clear whem one reviews the existing literature on 
Piagetian tasks for bilingual populations, namely, that there is 
no consistent pattern. Perhaps this is due to faulty control^f 
significant variables. For example, Liedtke and Nelson 0968) * 
compared bilingual and monolingual subject? on a variety of 
Piagetian tasks. Their resjults support the hypothesis of a cog- 
^nitive advantage for bilinguals, but are weakened by failing to 
control for linguistic variables. The children participating in 
the study were assigned to biljngual groups solely on the basis of 
teacher observation. Another study, by Feldman and Shen (1971), 
compared bilingual and monolingual subjects OFf object constancy, 
and found bilinguals to be superior in performing the assigned 
tasks. However, the designation of chtldren to the bilingual group 
in this case was based on their answers to several simple questions 
in Sparvish, and on the ability of the child to speak Spanish at 

8 



home. Finally, a study, by Brown, Fournier, and Moyeft (1977) ex- ; \ 
arnined the performances of Mexican-American children on 10 Piag- 
etian tasks. The study concluded that acquiring a second language 
l^aids to a developmental lag, without attempting to measure or 
control for la^iguage proficiency. Moreover, ^the tasks^ were ad- 
ministered both in oraT and written form, leading to further con- 
founding effects for the bilingual group. . 

There was one study which attempted to control for fjactors 
Such as SES, language proficiency, and teacher perception of 
students. DeAvi.J^ and Duncan (1980) studied the performance of 
903 children from 9 distinct. ethno-linguistic groups on various 
academic, cognitive, and linguistic lasks! ^The results from the 
study are elucidating, though not surprising; it was found that' 
language proficiency predi cted academic achievement much better 
than measures of cognitive style. Further, for all ethnolinguistic 
grpups, language proficiency was the most important predictor of 
achievement relative to any other factor, DeAvila and Duncan also 
conclude that there is a positive, monotonic relationship between 
linguistic proficiency and cognitive functioning, implying that 
"deficiencies" in the subjects' performances on cognitive tasks 
were linguistic rather than intellectual in nature. In terms of 
cbgi^'tive style, DeAvila and Duncan state that even though there 
is support far the contention that bilinguals possess above' average 
ability in the cognitive style dimension in earlier grades, this 
ability attenuates by fifth grade; in fact, their data showed no 
strong correlation between math performance anci cognitive style,. 

Mathematics Studies 

The number of research studies in mathematics education which 
are, directly or indirectly related to this study is so large that 
a brief review such as the one we are about to give cannot even 
begin to coyer a small fraction of them* We will therefore only 
attempt to give the reader a "flavor" for what has been, and is 
being done. . * ■ 

Much of the research in mathematics education uses the clini- 
cal intervievJf approach. In two interviews with a gifted ^elve- 
year-old seventh grader, Davis (1975a, 1975b) explored the process.es 

> 
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employed by the student while solving the vequations - = 

a.nd 10?^ - 1,100 10^'+ 100,000 = 0. Davis identified two rrodes of 
mathematical thinking employed by this student — "one-small-step- 
at-a-time". thinking and "chunk" ihinking. Davis also found that 
mathematics prerequi-si tes such as definitions and axioms me^y be 
substantially .different from cognitive prerequisites such as heuris- 
tics and creative thinking. Pereira-Mendoza (1979) also found with 
hi gh'schoo'i. students solving novel problems, that the heuristics 
employed' were. not applied generally, but instead were problem 
dependent. In another clinical study by Days, Wheatley, and Kulm 
(1979) with eighth graders solving .problems with both simple and" 
complex structures, it was revealed that formal operational (irv 
the Pjagetian sense) students used a larger variety of processes 
than concrete operational students, and t-rfat the, formal group was' 
more affected by problem structure than the concrete group.-. 

Several jntergsting findings haye emerged from recent studies 
on 'students' jjnderstanding of equations and variables. Clement ancl ^ 
his collaborators (Clement, 1982; Clement, Lochhead, and Monk, 
•1981; Rosnick, 1981) have found that college engineering students 
are prone to use a sequential left-to-right translation of written 
algebraic statements resulting in erroneous equations- where the 
variables are treated like labels, not'unlike the labels for inches 
and feet in 121=1 F. Finding^ by Wagner (1981) r&veal that soma 
students are not aware that the two equations, 7W + 22 = 109 and 
7N -^22 = 109 have the same solution. Herscovics end Kieras (1980) 
suggest a method for teaching students -the concept of equation 
which starts from a concrete perspective and proceeds toward the ' 
abstract. 

In an interesting treatise of the mechanisms by which many , 
algebraic errors are committed, Matz (1980) lists 33 common errors 
sited in numerous studies and proceeds to explain why. these errors 
are not the result of some random process, but rather follow a 
regular pattern. According to Matz, errors are the result of 
reasonable, albeit unsuccessful, attempts to adapt previously 
learned knowledge to a new situation. She identifies two processes 
as the cause of many commonly made errors: 1. Use of a known rule 
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"as is" in a new situation where it is inappropriate, and 2) In- 
' correctly, adapting a known rule so.that jt can ^ used to solve a 
new problem. , , ^ V 

One stijdy by Davis, Jockuscb,and McKnight (1978) deserves 
particular attention. This is a rather comprehensive treatment 
(300. pages in length) of the cognitive processes employed by 7th, - 
8th, and 9th grade students learning algebra. We will corranent on 
a few aspects of this work which are very apropos to the findings 
we will discuss later in this report. Davis et €M . comment that 
tudents often use sloppy 'language in mathematics, for example 



^tude 

r^^ng X'^ as "X three'*, and that this poor use of language c^n 
produce' errors and ambiguities. .This study also cite^s cases of 
students. being able to solve certain types of problems, and yet 
when confronted with one such problem -containing an erT^or, not 
being able to verbalize or otherwise. identify what tjhd- error was. 
Davis^^ al .advocate giving the students the fullest ^possible ' 
appreciation, of tffe importance of logically identifying every 
algeb»\ai^c step, beginning as early, as the'seventh^ gra"de;''the^ "cTo 
it -this way" approach commonly used in so many school s^ Davis et 
al. claiiji, is not sufficient to Inculcate In the stydents the 
notion«*^that each algebraic step requires explicit logical justi- 
fication. Finally, these authors report being able to teach many 
remedial low SES seventh graders who scored two years below grade 
level in standardized achievement tests, niath grade level algebra 
by using teaching methods af5propriate for these students. 

Mathematics Studies with Bilingual Subjects , 

Few studies have been conducted with bilingual subjects.' The 
oldest and perhaps best known study with Puerto Rican bilinguals 
was done by tha International Institute of Teachers College, Colum- 
bia University (1926). This study found that the English mathe- 
matics problem solving ability of 12th grade Puerto Rican bilingual 
educated on the island of Puerto Rico was significantly bplow that 
of U.S. 12th graders. This was surprising, in view of- the fact 
that these students had been receiving mathematics instruction in 
English (second language) since fifth grade. 

Kellaghan and Macnamara (1966) found a similar retardation in 



'problem arithmetic among Irish fifth standar4* primary students when 
it was taugf\t in their weaker language (Irish), despite the fact « 
that the c^i^iponents of the problems were separately understood. 
Kelle'ghan aridvMacnamara also found that the problem reading time 
was longer in the'weaker language by a factor of 1:4 to. 1.7, even 
whfen the Englishrlrish versions were equated for number of words. 
Several other studies cited by Macfiamara (1967) show similar 
retardations when the weaker language is the language of Instruc- 
tidii. According Uo Macnamara (1 966) >^ the research evidence sug- 
gests that bilingual, children keep pace with monolinguals ,in mech- < 
anical arithmetic, but fall l^ehimi in protl em arithmetic, ^n the, 
other hand, in a* study conducted with Hexican-Americanl4 year 
olds, Ortiz-Franfco (1977) found no significant correlation beyond 
the .01 .level between readijrig proficiency and problem solvinc 
ability. Another interesting finding of thts study was the l^ck of a 

^significant correlat^ion between m^th achieveniSnt and f4eld^ 
dependency. * ^ ^ - . . 

^Recent research wi^th Hispanic college students 'majoring in t 
engineering and science- related fields also suppcfrts the premise 
that language/proficiency plays a very important role in'the prob- 
lem solving. process • In a study investi gati.ng the transaction 
skills of bilingual Hispanic technical college students in ooing 
from a wVitten statement to a mathematical equation., Mestr^e^erace, ^ 

•and Lochhead (1982) found that performance was significantly corre- 
lated. to language proficiency, and that the types of errors His- 
panics made were very different from those made by monolinguals. 
For example, in ithg- problem, , , , 

' Write an equation using the variables C and P to 
represent the /ol,l owing statement: "At a certain 
restaurant, for every four people who ordered* 
cheesecake, there were five who ordered pie". 
Let C represent the number of cheesecakes ordered 
and P the number of pies ordered^ 

the "typical" error made^by monolinguals (Clement, Lochhead, and 

Monk, 1981), and by a substantial fraction of the Hispanic group, 

was to reverse the variables and write 4C = 5P. Several other types of 

errors surfaced for the Hispanic group, however.' Two consi-sted of 

writing -Ih- and 4C < 5P. In videotaped clinical interviews, the'- 
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students explainefd their rationale for these answers. Those 
writing tbe former, gp-, claimed that this fraction set up a ^ 
"relationsrhip" expressing the appropriate ratio of cheesecakes-4o 
pies sold at the restaurant; those writing the latter, 4C < 5P, 
claimed that because of the 4 to 5 ratio of cheesecakes to pies, 
one CQXild never set up an equation relating the two variables- As 
evidence, these students pointed out that if 4 people bought 
cheesecakes, then 5 bought pies; if 8 people. bought cheesecakes, 
then 10 people bought pies, and so on. Hence, the two quantities 
•could dot be related via an equation. 

Other findings by Mestre (1981 , 1982) revealed* statistically 
• significant differences in tfie performance of these Hispanic stud- 
ents between equivalent problem sets, one set requiring littiiliJ^ 
semantic processing, the* other requiring substantial Semitic pro- 
cessing'. Further,^ there were persistent statistically significant 
correlations betwee^n algebraic problem solving skills and language 
proficiency for the Hispanic students. The surprising finding was 
thfe presence of strong correlations between language skills and^ 
al0eb>aic skills, even for^problems requiring very little semantic 
processing, such as'^solve for x: 2 x - 9 = 3x + 5". Such statis- . 
ticatly significant correlations^ l?€tween mechanical algebraic . 
skills and language' proficiency were not' present for monolingual 
colleg^ students, . \ 
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11. METHOD • ^ . • 

"A* Subjects ' . . 

Three groups of students participated in the interviews. The 
first group consisted -of all 6 Hispanic students in the parti cj|)ati ng 
Heachec's Algebra I class". These six (5 male, 1 female) students," 
which w-ill be palled the " parti-c'ipating Hispanics" during this 
report, were not .enrolled -in 'any special bilingual program and 
received all their instruction in English. The^econd group cofi- 
sisted of 5 Anglo students (3 males, 2 femal es")- also from the par- 
ticipating teacher's Algebra.^1 class. These students were selected 
by the* participating teacher during *the second month of classes as 
representative of the spectrum of mathematical ability in the algebra 
class: -f he se "student's will be called the " participating Anglos ". 
There were a total of 34 students in the participating teacher's . 
algebr^ class. ^ ' 

The third 'group consisted of all 3 Hispanic studentsr.(l m*ale, ; 
2 femal e) 'enrolled in an advanced a»lg6bra class v5hie'H"was not taught' 
by the participating teacher^ Here "advanced" means that these 
students had started studying algebra one-half year before the 
'participating teacher's Algebra I, class. These students y/ill be , ^ 
called the " advanced Hi. s panics ". There were^ a total of 29 students 
in the advanced algebra class. 

Having these three groups allowed varipjjs comparisons. For ex- 
ample, comparisons made between the par,tf(ftp^ting Anglos and the 
participating hfispanics helped to evaluate whether some of the 
difficulties encountered were due to lijigui stic^ or seipantic fectors. 
Comparisons between the ailvanced Hispanics and the other two groups 
provided information on the degree of expertise derived from having 
been exposed to the Subject matter ov^ a longer period of time. We 
wi^l note In pa^-sfng that none of the His|)ani^ students in ,the' school 



*Tb be more precise, the 34 students werfe divided Into two separate 
classes of approximately 17 students each. Bot|i classes, however, 
were identical in terms of the material covered and the exams 
given. For the sake^ of convenience, we will refer to all of these 
34 students collectively as the Algebra I class. 
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enrolled in the transitionaL bili ngual 'program was takifig algebra. 

B. Textbooks ^ ' . 

The textbook used in the Algebra I class was^ "Modern Algebra: 
Structure and Method-Book 1" by^ilary P, Dolciani and William Wooton, 
Houghton Mifflin Co. Publishers, Boston, MA: 1973. The textbook 
used by the advanced algebra class was "Algebra" by Richard E. 
Johnson, Lona Lee Lendsey, and William E« Slesnioji, Addi son-Wesley 
Publishers, Reading, MA: 1967. Both textr^^empio^ a "traditional" 
approach. ^ . - ^ 

C. Project Personnel 

• . There were five people intimately involved in the study. They 
w,ere the two principal investigators, two half-time research graduate 
assi stants, ,and the participating teacher. Throughout this report, 
'if there is a need to make a reference to tire participating teacher's 
name, the name "Mr. Smith" will be used. ' * • . , ' 

Interview Loqistics and Question Selection 
The research plan during a typical month consisted of four 
tasks: 1) prepciring questions for the interviews^ 2) conducting the 
interviews, 3) analyzing the interviews^ and 4) a staff "discussion , 
of the interview results. The process of selecting questions for 
the interviews involved a staff meeting where, guided by the course 
syllabus, the two. half-time research as'Siistants and the participating 
teacher suggested possible interview questions. These were e\(alua- 



ted. and discussed with the pryicipal investigators. F^lJ.owing the 
staff nieeting, the principal yinvesti gators met to seletjt the actual 
set of irrterview questions to be used *f or the month's interviews. 
AH questions used during the interview, sessions are included in 
Appendix I . ^ . i ^ ^ 

Once the interview questions were selected, the partibipating 
teacher arranged an interview session. Whenever possible, three 
interviews were conducted simultaneously by. the two research assist- 
ants, and one of the principal investigators V(t!P|l) and students 

» 

were rotated through the interviewers*'SO that. a student spoke with 
the same interviewer once every three intervieWs.. AH interviews : 
were audi o- reco rded . ..The 'interviews took pi ace*<:>during one of the 
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•regularly scheduled "study." periods and lasted approximately 45 • 
minutes. The participating Hispanics were interviewed on a monthly 
basis, while the participating Anglos^ and the advanced Hispanics were 
interviewed bimonthly. The participating Hispanics were inter- 
viewed a total of 8 times during the academic year, whfle the students 
in the other ',two groups were interviewed 4 times during ^the academic 
year. The odd-numbered interview sessions were administered to the 
participating Hispanic group only. .The evan-numbered interview 
sessions' were administered to all thret,groups . The only exception 
to this was- Interview 2 where only 3 'o u-t of the 5 paVticipating Anglos 
were^inter.viewed due to, lagistical . problems. • • " " . , - 

E. Conduction of Interviews . ' .... 

The metho£l for conducting .an interview went as follows: An .11 " 
x l4" "sketch pad" was used during the interview. The inte^^iew 
questions were taped onto 'the top page of the pad allowing the ^ 
student to see the questions while 'he/she worked* out .the solution 
on the botton) page. ' - 

THe interview questions were us:ed as guidelines for di*scussion 
rattier than as "quizzes" for the students to wdrk out. Each question 
was read to the student^ and the interviewer made every effort .to \ 
make sure that the student knew what was being asked before a 
solution was attempted. That is not to say that the interviewer" , 
cleared up. misinterpretations, of the problem statements when .they 
occurred. The interviewer '/i-ole was to present the problem to the 
student, clear up questions r_egarding any'vocabulaj-y with which the 
student was unfamiliar and simitar stumblingi)locks, until the •• 
student thought he/she understooaSmat was being asked and started 

on the solution, ' ' " ' ■' if 

All partici-^ants were told (and quickly adjusted to the modus 
operandi) that the interviewer was interested in how they solved 
problems, and would theref orej' n.terrupt at various stages along the 
way to ask Vor an explanation of why a certain problem was solved 
in that particular way. The participants were told not to interpret 
this, as their having made a mistake, since the interviewer would 
"challenge" them to offer an explanation for any answer or procedure^ 
no matter whether it was correct or incorrect. 

- . - . 1623 



AnSilysis of Interviews' 

A two stage analysts procedure was used. "The first stage 
consisted of ^a brief pre-analysis where the intervjewer would write 
down comments on the actual student protocpl sheets (the sheets 
used by the s-tudent to work out the problems). This stage took 
place immediately following the interview, 'and the comments written 
were intended to help clarify any pfints which' would aid in under- 
standing the events that trSnspired \during the i^iterview. The 
comments made covered areas such as trffr^irder of "flow" of the 
student^s protocpl, any student reactions which may be missed during 

i 

an aut^al ^review, of the'taped interview, and general impressions of 
the students' knowledge level, anxiety level, etc. 

The second stage consisted .of the more'.de tailed protocol analy- 
sis where the interviewer listens to the taped uitervievy, whf\e re- 
viewing the student's written ^protocol and pre-analysis comments. 
The protocol^ analysis consists of making detailed comments on the 
students' performance, including strengths, weaknesses, and possible 
sources of any difficulties encountered by the student during the , 
course of the interview. ' * ^ ' 

Once the analyses were completed for an interview Session, 
another staff meeting fo,l lowed during which the entire ^et of inter- 
views was discussed. These staff meetings also served as "brain- 
storming sessions where explanatory hypotheses were discussed which 
attempted to encompass the behavior*, mi §concepJ:idns, pind other 
foldings of the interview set. 
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1 11^, STUDENT. PROFILE . , ' ' ^ ^ 

In this chapter w0 will present quantitative data, ^and in so ^ 
far as possible, give^an indication of the academicf background of 
the stu(fents. We should. state at the outset that.due Jo the nature*' 
of this 6tudy, the. size of th.e various samples qfiakes it inappropriate 
to carry out a comprehensive quantitative statistical analysis j The 
data io^this chapter are 'being presented only to give an indi^atitin 
of how th^ participating students compare, to other students at both 
the local *and hattx}nal level in several standardized measuresj. ;^ 

In April of 1981, all students in the school system in question 
were. given theXalifornia Achievement Tests (CAT) (CTB/Mc6raw--Hi] 1 , 
1977) . This '.battery consists of eight major ^di visions: 1) Reading 
Vocabulary,^ 2) Reading CompVehension,. 3) Spelling, 4) Language 
Mech^ics, 5) Language Expression, 6) Math Computation, 7) Math, 
Concepts S'Applications^ and'8) Reference Skills. ^There were three 
sections which were made up*^)f combinations of. the eight major 
^di visions above, namely, Tot&l Reading was made up of the combined ^ 
scores in Reading Vocabulary and Reading Comprehension, Total Math 
was made up of the combined ^cdres from Math Computation and Math 
Concepts & Applications, and Total Battery was made ,,up i)y combining 
the first seven categories, listied above ^ that is, al\ major- 
divisions except Reference SRills-, • 

^Iji addi tion, . tfiree other measures w*er^e administered to the 
Pi^\^j^ipat>ng *teacherls whole Algebra I, Class, ^ as well as to the 
three advanced Hispd'nics.* The f.iVst of these is a Piagetian exam 
entitled "An Inventory of Piaget's developmental Task<sV (Catholic 1 
University, 1970) designed by Hans Furth to cover th'e following 1§' 
areas: 1) Quantity, 2)' Levels,. 3) Sequence, 4) We'ight, 5) Matrix, 
6)-SyniMs, 7) Perspective, .8) Movement, 9) Volume, -10) Seriation, 
il) Rotation, 12») Angles, 13) Shadows, 14) G/Iasses, 15) Distance, . 
16) iTicluS^ibn, 17) Inference, and 18) Probability. There were four 
questions for each of these 18 areas making this battery a 72 
question test, /• • 

The remaining two measures were the Analogies and Classification 
subsections of the Test of General Ability-LeveV 5, Form CE. (Guidance 
Testing Associates, 1962). The Analogies section contained 24 
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questions which were totally symbolic and asked the student to make '^V 
one pair of drawinfs like a given pair, as shown in the following | 
example:. 
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The Classification section was composed of 26 questions which again 
'were tota^lly symbolic, and asked the students to identify one draw- 
ing in a ^eries*.of five which was -"differ^". For example, 

• * ** 

Table 1 gives the results of t^hese tests for the various subgroups 

of .students. The fi»?st two entries correspond to the mean and 
standa'J^d deviation.' In the CAT scores, th^ third entry gives the 
national percgntile ranking corresponding to that particular raw 
score. Also shown in Table 1 are the students' final grades in 
Algebra. ^The scores on all standardized measures^^^e based on the 
total number cori:ect/ - . v 

Table 2 shows the. results of the Piagetian exam^broken down by 
the" 18 subsections that make up the test. The two entries correspiond 
to the mean and standard cieviation for that subsection, with a mcRci- 
mum possible score' of ,4 for ea(Jh subsection. } . 

Finally, Tables 3 and 4 show the Pearson Correlation Coefficients 
among selected variables for the Algebra f class, and th^ Advanced 
Algebra class, respectively, ' 

Several observations can be made from Table 1. First, it is 
evident that the advanced al'gebra class is consistently "allbve 
average" on^ the CAT in comparison to the Algebra I class, as well • 
as to national >norms; in fact'; t-tests between the Advanced Algebra o 
class^and the Algebra I class -on all the m.eans of the CAT result 
10 statistically significant differences in favor of the Advanced 
class'well beyond the .05 level. Second, it is-evident that the 
3 advanced Htspaniqs are very Comparable with their Anglo peers in 
the Advanced Algebra cUss in all the measures shown on Table V. 
Third, it is eVident that the five parti ci pating Anglos are comparable 



TABLE 1 

PERFORMANCE ON AVAILABLE MEASURES 





Read. 
Vocab* 


Keao. 
Comp . 


lot 
Read. 


Spell . 


Lang. 
Mech. 


Lang. 
Expr. 


Tot. 
Lang. 


Math 
Cmpt. 


Math 
Cncpts. 


Tot. 
Math 


Tot. 
Batt. 


Ref. 
Skills 


Anal. 


Class. 


Plaget 


Alg. 
Grade 


Algebr^ I Class 


15.1 


24.0 


39.1 


10.7 


15.3 


24.0 


39.4 


26.1 


23.3' 


49.3 


138.5 


18.5 


15.8 


17.5 


49.0 


72.1 




5.7 


5.7 


10.5 


2.9 


4.1 


5.3 


8.5 


5.5 


6.3 


9.9 


26.1 


3.2 


3.6 


4.8 


7.9 


15.3 




53 


49 


52 


43 


39 


44 


41 


59 


45 


53 


46 


43 










Nonpartipat- 


15.9 


25. Z 


41.6 


,10.8 


16.3 


25.7 


42.1- 


26.7 


25.7 


52.4 


146.8 


19.4 


16.9 


17.7 


49.8 


73.1 


Ing Anglos 


5.6 


5.3 


9.6 


3.2 


2.8 


4.7 


6.3 


5.4 


5.9 


10.0 


'23.5 


2.5 


3.1 


4.6 


8.8 


16.0 


N=23* 

m 


54 


56 


55 


43 


44 


51 


48 


61 


53 


57 


53 


50 










Participat- 


17.4 - 


23.8 


41.2 


10.8 


15.0 


20.2 


32.5 


26.0 


19.8 


45.8 


133.0 


18.Qf 


^.2 


18.2 


49.4 


78.8 


ing Anglos 


4.8 


5.2 


9.5 


2.6 


3.7 


5.0 


8.0 


6.2 


4.8 


7.2 


22.8 


A 




6.0 


3.6 


13.0 


N=5 


59 


48 


54 


43 


38 


29 


31 


59 


34 


46 


43 












Participat- 


10.5 


18.3 


28.8 


10.3 


12.2 


21.2 


33.3 


23.8 


17.8 


41.7 / 


1l4V8 


16.0 


12.2 


16.3 


45.8 


62.3 ^ 


ing Hlspan- 


5.4 


4.2 


9.4 


2.7 


6.9 


5.7 


11.9 


5.4 


3.5 


6.9 


23.6 


3.S 


>4.8 


' 5.5 


6.7 


10.3 ^ 


ics N^6 


30 


29 


29 


39 


24 


32 


27 


52 


27-- 


38 


30 


30 











ro 
o 
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Advanced Algebra 


23.7 


31.3 


55.0 


15.4 


20.7 


32.3 


53.0 


34 


.0 


35.4 


69.5 


192.9 


22.1 








Class N=29 


4.0 


4.2 


7.3 


2.9 


2.4 


. 2.9 


4.0 


3 


.3 


4.2 


6.5 


16.5 


1.6 










79 


79 


79 


83 


78 


85 


84 


81 




81 


83 


86 


78 








Advanced 


23.7 


31.6 


55.3 


15.3 


20.7 


32.7 


53.4 


34 


.0 


35.5 


69.5 


193.5 


22.3 








Anglos 


4.0 


3.8 


6.8 


2.5 


2.3 


2.2 


3.1 


3 


.5 


4.3 


6.7 


14.9 


1.3 








N=26 


79 


81 


80 


83 


78 


87 


85 


81 




81 


83 


86 


80 








Advanced 


23.7 


29.0 


52.7 • 


16.0 


20.7 


29.0 


49.7 


34 


.0 


34.7 


68.7 


187.0 


20.0 


17.3 


16.0 


50.7 


Hispanlcs 


4.0 


8.2 


12.2 


6.1 


^ 3.8 


6.2 


9.0 


1 


.7 


3.8 


5.5 


31.2 


• 2.6 


2.5 


1.0 


4.5 


N=3 


79 


70 


76 


87 


78 


67 


73 


81 




79 


81 


81 


55 









Note: The first twelve measures correspond to the California Achievement .Tes»ts. Analogies and Classification are from 
the Test of General Ability. The last two measures correspond to the piagetian test and the students* final grade 
in algebra.^The three entries correspond to the mean, standard deviation, and national percentile ranking. 



N for the Algebra I class is 32 for all CAT measures. 
21 for all CAT measures. . , 



N for* the Algebra I iclass/nonparticipatingj^Anglo subgroup is 



81.4 
5.1 



81.9 
4.8 



73.3 
7.1 
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PIAGETIAN EXAM BREAKDOWN 






' Section 


Algebra I 


Nonnarti ri na- 


r ai V 1 ^ 1 j^fl" 


Participa- 


Advanced 




Class 


ting Anglos 


ting Anglos 


ting Hlspan- 


Hispanlcs 




n— OH 


N=23 


N=5 


Ics N=6 


N=«3 


1. Quantity 


^ ^ ^ 

^•^ 


3.13 


3.40 


3.00 


3.67 


- 


.56^ 


.55 


.55 


.63 


,58 


2. Levels 


3.68 


• 3.61 


3.60 


4.00 


' 4.00 




.81 


.89 


.89 


0. 


0. 


3. Sequence . 


3.18 


3.30 


3.20 


2.67 


3.00 


f 


.97 


1.02 ^ 


.45 


1.03 


1.73 


4. Weight 


3.65 


3 70 


3.80 


3.33 


» 4.00 




.81 


*76 


.45 


1.21 


0. 


5. Matrix 


3.74 . 


3.65 


3.80 


4.00 


4.00 




.45 


.49 


.45 


0. 


0. 


6. Symbols 


3.26 


3.39 


3.00 


3.00 


. 3.67 




.71 


.66 


.71 


.89 


.58 


7. Perspective 


2.79 


3.26 


2 40 ^ 


1.33* 


3.33 




I.IS" 


.81 


1.14 


1.03 


1.15. 


8. Moveinent 


2.74 


2.83 


2.80 


2.33 


2.00 




1.08 


1.07 


l!lO 


1.21 


1.00 


9. Volume < 


2.21 


2.39 


2,00 


1.67 


2.00 




• '.95 


.99 


!71 


.82 


1.00 


10. Serlatlon 


.3.71 


3.70 


3.60 


3.83 


4.00 




.63 


.63 


.89 


.41 


0. 


» 11 . Rotation 


'2.15 


2.30 


2.20 


^ 1.50 


3.00 ^ 




1.05 


.88 * 


1.64 


1.05 


0. 


12. Angles 


2.76 


2 74 


3.20 


2.50 


1.67 




1.02 


^ 1.01 


•45 


1.38 


1.15 


13. Shadows 


2:74 


2.91 ^ 


2.20 ' . 


2.50 


3.00 




1.14 


1.12 


• .84 


1.38 


0. 


14, Classes 


1.^53 


1.52 


. 1.80 


1.33 


0.33 




1.05 


1.04 


.84 


1.37 ' 


.58 


15. Distance 


1.97 


2.00 


1.60 


2.17 


► 1.33 




.83 


.85 


.55 


.98 


.58 


16. Inclusion 


2.29 


2.70 


1.60 


1 33 ' 


3.00 




1.31 


iM 


.89* 


K21 


0! 


17. Inference 


3.24 


3.35 


2,80 


, 3.17 


3.33 




.96 


.93 . 


.84 


1.17 


.58 


18. Probability 


*2.44 ' 


. 2.57 


2.20 


2.17 


1.33 




1.31 


1.41 


1.10 


1.17 


.58 


' Total 


51.21 


53.04 


49.20 


45.83 


50.67 




6,73 


" 6.55 


3.56 


6.74 


4.51 



ERJC 



21 



29 



r 



0 



TABLE 3 

PEARSON CORRELATION COEFICIEffTS 







r 






ALGEBRA I 


CLASS 














"Read. 
Vocab. 


Read. 
Comp. 


Spell." 


Lang. 
Kech. 


Lang. 
Expr. 


Math 
Cmpt. 


Math 
Cncpts. 


Tot. 
Batt. 


Anal. 


Class. 


Piaget 


Read. 
Comp. 

ope 1 1 . 


70 

CO 






















Lang. 
Mech. 


IHr 

45 


Irk 

47 


14 


















Lang. 
Expr. 


51 


•kk 

49 


0 


kit 

59 




< 












Math 
Cmpt. , 


Irk 

54 


kit 

63 


kit 

54 


kit 

54 


kit 

50 














Math 
Cncpts. 


31 


kit 

59 


03 


40 


kit 

51 


k 

43 


— . 










Anal. 


Irk 

45 


* 

38 


-19 


kit 

56 


kit 

50 


33 


kk 

45 


kit 

53 








Class-. 


25 


k 

30 


-06 


11 


0 


21 


15 


21 


kit 

54 






Plaget 


17 


25 


-04 


34 


2Q 


k 

37 


20 


* 

31 


kit 

49 


34 




Alg. 
Grade 


06 


* 

32 


02 


12 


17 


31 


41 


★ 

31 


27 


36 


28 



*p < .05, *p < .005 for one tailed tests of significance. 

Note- Analogies and Classification are from the Test of General Ability. All other variables 

except the Piagetian score and the final algebra grade are from the California Achievement 
Tests. N«32 for correlations Involving CAT variables, and N=34 for the remaining, 
variables.^ Decimal points have been suppressed from correlation coefficients. ^ 
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TABLE 4 

PEARSON CORRELATION COEFFICIENTS 
FOR ADVANCED ALGEBRA CLASS 



Read. Read. Spell. Lang. Lang. Math Math Tot. 
Vocab. Comp. Mech. . Expr. Cmgt. Cncpts. Batt. 

Read. 58** 
Comp. 

Spell. 51 49 



* * * 

Laog. 35 33 56 
Meqh. 



Lang. 31 53** 42* 13 
Expr. 

Math 14 15 17 53** Z3 
Cmpt. 

* * * irk -k ■ -ifit 

Math 41 41 32 . 50 39 . 49 
Cncpts. 

Alg. -28 -02 -05 05 33* 08 05 01 
Grade 

ie "kit 

p < .05, p < .005 for one tailed tests of significance. 

Note: N»29 for the correlations above. All variables except algebra final 
grade are from the California Achievement Tests. Decimal points have 
been suppressed from correlation coefficients. 

/ 
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ta the 23 other Anglos j*n the Algebra I class> and that all of the 
Anglos in the Algebra I class are "average" students as determined 
by the CAT national percentile rankings. Finally, Tablfe 1 shows that 
the 6 participating Hispanics are consistently "below average" in 
the CAT both as compar:ed to their Analo classmates, and as measured 
by the national percentiles, except in the Math Computation section 
where this group scored "average/*. 

There were very few differences between the various groups' 
performance level in the Piagetian exam, regardless of^whether' one 
looks at the performance on the exam as a whole*, or at the perform- 
ance on the individual subsections as shown on Table 2.^With few 
exceptions , the advanced Hispanics outperformed both the participat- 
ing Anglos and Hispanics^ while the participating^^fn^ os performed 
somewhat, albeit not significantly, better than the participating 
Hispanics. ^ " - , 

The correlation coefficients for the Advanced Algebra class 

from Table 4 show many fewer statistically significant correlations 

than the corresponding correlations for the Algebra I x:lass of 

Table 3. This is not surprising since the larger variance among the 

measures of Table 1 for the Algebra I class necessarily results in ' 

larger correlation coefficients for this group (see for example, ^ 

Hopkins and Glass, 1978, pl39ff for an explanation of this pheno- 

« 

menon). Some interesting results to note^are the strong correlations 
between the Math Concepts section and the verbal sections of the CAT 
for both the Advanced Algebra class and the Algebra I class. This 
could be indicative of the importance of language skills in "abstract 
mathematics. In terms of the final grades received in algebra, the 
Advanced class shows only one statistically significajit correlation 
with Language Expression, while the final grade for the Algebra I 
class is significantly correlated with Reading Comprehension, Math 
;\ Concepts & Applications, and Math computation. . 

Some information was gathered on several non-academic back- 
ground characteristics of the students. This infdhnation was ob- 
tained in one of two ways. The first method consisted of chatting 
with the students just prior to the beginning of the interview 
sessions concerning their interests, family background, future plans. 




etc. This not only gave us a brief profile on the students' back- 
ground, but also served to put the student at ease just prior to the 
start of the problem solving tasks. The other method was to ad- 
minister a short questiontwrfi^ eliciting information on topics sucf)^ 
as language spoken with iWenasTTan^ spoken at home, and number 
of years in the mainstream curriculum. It was left up to the student 
to volunteer the information. If the student did not wish to volun- 
teer personal information to us, the matter was not pursued further. 
For this reason, many of 'the background profiles we were able to 
compile are incomplete. We have included the information we were 
able to obtain in Appendix II, / 

In summary, it appears that the advanced Hi spanics are extreme- 
ly well -prepared atademically as measured by their performance in 
the CAT. The participating Ang^os^ performance in the CAT indicates 
an average preparation. The participating Hispanics appear to be 
academically underprepared, both in comparison to their Anglo class- * 
mates, and in comparison to national norms. 
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IV. INTERVIEW RESULTS ^ 

The questions used in the interviews we»*e designed to assess 
stOd^nt expertise in 'four relatively independent areas. The four 
iireas are: 1) Appreciation Of algebra as an abstract logical sys- 
tem. 2) Command of the formal operations of algebra- 3) Ability to 
use algebra. 4)- Ability to solve problems. These areas will give 
an indication of a, student's command of mathematics as a formal 
construct, as well as his/her abili'ty to utilize this construct in 
a problem solving situation. In the four sections that follow, 
each of the four areas will be discussed in detail, -and accompanied 
by exa'mples from the students' protocols. 

Although the focus of this chapter is the results of the Actual 
interviews, in a. study such as this it is hard to dissociate the 
results from a discussion of what the results mean. We find that 
theie'st time to discuss the cause of certain errors is at the 
time we present them. There will, therefore, be various mini- 
discussions duriijg the course of this chapter. The following 
chapter, entitled "Discussion", will offer an overview of the whole 
study. <fL 
A. Appreciation of Algebra as an Abstract Logical SysJIm 

What we wish to investigate here is the degree to which the 
student creates and develops an abstl-act conceptual schema for .. 
mathematics that is independent of other logical systems, such as 
languages. Like language, mathematics has its own formal logical 
structure, largely . composed of definitional constructs which f orm - 
the "rules of the game." We are hopeful that research in this 
area will help us to understand how mathematical and linguistic 
.development are related. Bilinguals, who already have W languages 
and therefore two logical systems, may be able to develop a" third 
logical system more readily than monol inguals . On the other hand, 
if the. language logical structures are^poorVy developed, bilinguals 
may find it more difficult to develop new logical systems. # Bili ngual 
constitute a good "laboratory" in which to' pursue these questions. 

From a practical standpoint, .information for this area can be 
gathered by attempting to find answers to questions such as the • 
following: 



- Does the student understand the role of definitions in 
mathematics? Does the student utilize definitions, to 
resolve (poi nts of ambiguity? ^ 

- Does the student distinguish between mathematical statements . 
(e.g., equalities and .inequalities) and mathema;t|cal phrases 
(e.g., expressions and ratios)? 

- Does the student recognize the difference between a variable 
* and a label? 

Nunfcer Lines 

The first Interview, in which only the participating Hispanics 
took part, dealt heavily with the students' unders tandi*ig of the - 
number line. The number line was not only the first topic covered 
in the textbook and in class, but also the students' first encounter 
with a totally abstract topic; From the responses given it was 
clear that the number line construct was something students had a , 
difficult time grasping- However, it was also' clear that many of 
the^difficulties 'experienced by the students' were not due to the' 
number line per se, but could be attributed to incorrect mathe- 
matical knowledge, misinterpretations the teacher had 
J made in class^and to semantic difficulties. More often than not, ^ 
erroneous responses followed a consistent pattern based upon the 
students' knowledge frame. A few examples will illustrate what we 
mean- 
Various students did not accept' number lines which had the first 
"tick mark" to the right of the origin labeled with anything other 
than K. Thus if shown the following number line, these students 

-2 -1 ^ 0 ' '1 2 . 

insisted on labeling the' line with the first tick mark to the right 
of the origin as .1, the second tick mark as 2, etc. The follo^/ing 
section -from the protocol of a student discussing the number line 
above illustrates this phenomenon. . ' 

I: Where's four? ^ . . 

S: (Points to tick mark labeled 1) 

I: OK. How come this 1 is there? (points to the 1 at the' 
fourth tick mark to the right of the origin,) Is there a 
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mistake? ' 
No.., Well, Mr. Smith (the teacher) tells us that - every thi nq 
right here, every li ttleN thing 's a nuinber, so there *s zero, 
one, two, three, and four. (Pointing to the tick marks 
coresponding to 0, 1/4, 1/2, 3/4, and 1). * 
A similar response from another student is given below in 
reference to the following number line in Set C of Interview 1. , 

— \ — s — i — \ — \ — \ — \ — \ 
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I: Where's positive 1? 

S: tPuts +1 at the first tick mark). - ' * ^ . 

ly^ Can you tell me where negative ohe is? 
S: Bight there (points to ttck mark labeled -1/2). 
I: Oops! I've already labeled that point -1/2, 
S: Yeah, but that's wrong. 
I: I made a mistake? 

S: Yeah, you probably made a mi'istake (chuckles). 

We can attribute this confusion to two factors. _ First, the 
participating teacher' told the class that every tick mark rep- 
resented a number, as stated by the first student above. However, 
it appears that many students interpreted "number" here to niegn' 
"whole number." Second, in all examples and exercises given in the 
textbook, not one number line is labeled with the first tick mark 
being anything other than 1. This, needless to say, is somewhat 
misleading. 

It also became evident that much of the confusion exhibited 
by students in placing fractions on the number line 'derived from 
their poor knowledge ba'se concerning relative sizes among fractions. 
Many students thought that 1/2 < 1/3, 1/3 < 1/4, etc., demonstrating 
that they were comparing only the denominator^ in deciding relative 
sizes among fractions. 

Another problem, this one perhaps due to semantic difficulties, 
was displayed by two s^tud^nts and Involved using, the numbers "one 
and/one-half" and"one-hal f" interchangeably, - These students would 
s^ "one-half" when reading 1 1/2 and conversely, would label a 
point 1/2 when verbally asked to label "one and one-half." It 
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appears that to these students, the symbol 1/2 means "half" or "one- 
half", and they use the two terms interchangeably. The problem these 
students have with 1 1/2 is that the first partj, is read as "one", 
and the second part, 1/2, is read as "half", and.hence 1 1/2 becomes 
"one half," 

The last common error we will discuss, involved labeling two 
different tick marks with the same ijumbej*. For one student, this 
was ^ausBd by halving two separate interpretations for labeling 
whole numbers and labeling fractions on a number line. This is 
illustrated in the following protocol: ^ • 

\ \ » { \ \ \ »— H »— I »— ^ H 1 * 

-2-1 0 1 2 

I: Label this first tick mark to the right of 0. 
S: (Labels it 1/3). 

I: What^s the second mark? * 

S: (Labels is iy2). 

I: What's the third mark? 
, S: (Labels this one 1/3 also), 

I: L^'s talk about any number line, not just this one here. 
If I give you any, number at all, like 300, is there one 
specific location in the number line where that number 
would go, or can it go in various places in the line? 

S: Can go various places on the line. 

I: OK, How is that? Can you explain it to me? Oi^ can you give 
me an example of it, if it's easier to explain it that way? 

S: (Pause...) Well, you've got, like, ...^ negative 300 and 
you've also got the other side 300 so.Jike-.^ (pause). 

I: So you think that because there are two sides to it, you 
can. put sort of ^he-same numb.er on either side. Does the 
fact that one side is negative and the other positive make 
a difference? - ' * 

S: Yeah. 

So It it clear at this point that what this student means by 
sayjjig It is legitimate to label two different tick marks with the 
same number, is that two different tick marks can have the same 
absolute value, but one must be negative and the other positive. As 
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the interview continues, we See why the student is not bothered by 
labeling the numb'er line aboVewith two l/3*s, 

■ I: If this (pointing to the first tick mark labeled 1/3) is 
one-thi^d hefe, could it also be one-third here (pointing 
to the second tick mark labeled 1/3 at the tick mark 
corresponding to the value 3/4), or would.it have to go^ 
someplace eJse? 

. S: I suppose it dep^ds , because if you have 1/3 away from, 
like, the origin, then you got, like, the 173 cjoser to K , 
Here the student has displayed that she attributes different 
meanings to the repre$entation of whole numbers and the represent- 
ation of fractions on the number line- To her, the first 1/3 is . U 
showing that one-third of 'the distance between 0 and 1 closest to 
the origin; the second 1/3 is showing that one-third of the dis- 
tance between 0 and 1 closest to 1- 

The performance of students, in* number line problems which were 
somewhat concrete was much, better. For example, most students had 
no difficulty answering the following problem correctly: 

1-C4 If I tell you that 1/2 means 1/2 mile east of my house, 
wher& would 1/2 mile west of my house be? Where is rny 
house? If my friend Julia lives two miles west from n^y 
house, where does she live? 

-4-^-* — \ — > — \ — t — \ — \ — » — » — *■ 
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Frac tions 

In Interview 2, we probed students' understanding of fractions 
using the following two questions: 

2-A4, How >/ould you defin^ a fraction? 

2-A5, Which of these are tractions? Why? 

2, 1/2, 3/4, 5/3, 4/2, 9/3, 6/1, 10,' 52/1. 

Responses given to these two questions revealed that students 
had only a partial understanding of the concept of fractions, and 
were often inconsistent in applying the definitions given in 
cjuestion 2-A4 to their answers in question 2-A5, A few examples 
will illustrate the situation. 
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One student stated that a "fraction is part of any object,.- 
a different numbej^ on the top and on the bottom." Even though this 
definition is not s el f-cons^i stent, it is fairly good for a student 
of this mathematical sophistication* When^asked to select the 
fractions in the list provided in 2-A5, this student \)nly chose 
1/2, 3/4, and 5/3 as being fractions. When asked why 4/2*was not a 
fraction, the student explained tha| 4/2 equals 2 ancj thus not 
a fracti'On, Apparently, even though 4/2 conforms to the secpnd half 
of the definition, "a different number on the top and on th^ bottom" 
it did not satisfy the first half of the definition; that iss 4/2 
is equal to 2, and 2 is not "part of any object:" Another^ student 
claimed that fractions were "numbers that are between whole numb- 
ers," .However, by stating that every number except 2 and 10 in 
quesyon 2-A5 were fractions , this student displayed she was either 
unaware of, or not bothered by, the inconsistency between her 
definition and claiming that numbers such as 9/3 and 6/1 were 
fractions.. Yet a third student claimed a fraction was "a part of 
a number a piece of something" and answered question 2'A5 con- 
sistently with this defini\tian by seliSCting'1/2, 3/2, and 5/3 as 
the only fractions among th^ nine numbers given. However, when the 
interviewer asked him to explain why 4/2 was not a fraction, he 
sarid that, written as 4/2, it was a fraction, but that you could 
also write 4/2 as 2, which is. not a fraction • 

In terms of each group's overall performance in these two 
questions., all of the advanced Hispanics had a good grasp of the 
concept of fractions. The participating Hispanics and the partjci- 
pating Anglos were somewhat confused as to what constituted a 
fraction, with the participating Anglos having a slight edge over 
the participating Hispanics, ^ 

Equations ^ ^ ^ . 

> As in defining fractions, we found that students were not able 
to give correct definitions of the term "equation*" ^ In the 
followNng question from Interview 2, 

2-A6, Which of the following mathematical statements are 
equations? Why? 
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b) 3x - 9 f) ,Z = 19 j) 8 X 3 = (.9 x 4) 12 

c) |4{ g) 5CX + Y) = 20 k) 

d) 10 + 2 = 8 h) 8 > A 1)8/4= 4/2 

The most popular definition of "equation" given was something that 
was either Tfenipulated or solved, as evidenced by' the following ' > 
quotes from four/of the students interviewed:. 

An equation is*- • f " % 

- "wHen you have -an operation and you have to figure something 
out to get the answer" 

"a problem with an answer" , 

- I'^oiJ have to look for an answer for something to be an 
ecj^ation" ^' . . ' ' 

- "Sdmethfng that you solve for — ariyfhing that has letters" 
One student had an opposite viewpoint and stated, 

- "if it has letters, it is not an equation 'cause y^th-efon't 
know what the letters are" / ' 

Only four students during this interview session had. a correct , 
notion of what an equation was, both in terms of verbalizing a 
fairly precise definition and in applying their definitions to . 
select the equations among the list of 12 choices given in question 
2-A6. Two of these students . came from the participating Anglo 
group and the other two came from the advanced Hispanic group. 

It is evident from the answers above that most beginning algebn 
students view a:lgebra concretely rather than abstractly. The . 
defi*nition "two mathematical expressions separated by an equal sign" 
is simply too large an abstraction for these students. It appears 
that, in order to have meaning ^rom these students' perspect-ive, a 
defini^rfon must answer questions subh as "what good is it?",'^"what 
can you do=with it?", and "in what does it result?" thus a 
process-product oriented definition such as "an expression you mani- 
pulate to get an answer" is something meaningful to these students - 
after all, it answers the three questions posed above, namely an 
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equatiort is useful as something you somehow manipulate (the process) 
and results in an answer Cthe product). 

More on Definitions 

There were various other interview questions probing the 
students' ability to verbalize their understanding of a concept by 
definining a term. The performance of all groups was nearly equi- 
valent in the following question from Interview 6: 

6tAK What, is the difference between .a monomial, a binomial, 
and a polynomial? 
Even though only one student (from the participating Anglo group) 
offered a correct definition,"^ approximately half from each group thought 

that these termS' referred to how many were in an 

expression, and words used by these students to fill in the previous 
blank were "equations", "numbers", "terms", "problem", and "parts," 

In question 5-Al from Interview 5 (recall that, only the > ^ -i 
participating Hispanics were interviewed in the odd-number inter- - 
view sessions) where the following was asked, 

5-Al. Given these two se-^s: A = {1, 5, 0,^ -3, 19, 24, 4} 

B = {-1 , 19, 21, 29, 4, -40} 
What is A u B? What is A n B? . 
two out of the six participating HispJanics interviewed were not 
able to goffer any answer^ this problem; another student thought * 
"union" meant all t\}e positive numbers and "intersection" meant all 
negative numbers. in' the two sets; the remaining three thought 
"union"'nieant the numbers that the two sets had in common, while 
"intersection" meant the numbers in one set which were not in the 
other set* • ^ ^ ^ ^ 

The responses to qu6st4on 5-pi in this same interview, 
. .5-Dl* What is a variatjle? What are variables used for? 
r.eVealed that these students knew what a variable was. operational ly, 
but could not 4efine the term correctly. Four of the students said 

We thus expect studentsi^ to define a "teacher" as "someone who gives 
homework" and not as, "someone who imparts knowledge." 
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a variable was a Tetter, and the remaining two sa'id a variable»was 
a number. However, all of the students^ that said variables were 
letters showed that they understood what variables were used for in 
their responses to the second part of this question; their answers 
were reasonable' facsimiles of the statement "variables are used to 
represent numbers." This supports the hypothesis adduced in the 
previous section where we claimed that students are irpre likely to 
remember a mathematical term in terms of what its function is, and 
not in terms of its abstract definition. 

Further support for this can be found in questions 1 and* 2 of 
Interview 3 where the participating Hispanics were asked the meaning 
of the terms "axiom" and "closure." Not one. student had any idea of 
what these terms meant, even though they w6re covered in both the 
textbdok and in class, Vis-a-yis our hypothesis, the reason these 
students could not offer a definition was that, unlike terms such as 
"equation" and "fraction", the terms "closure" and "axiom" are such 
that answers to the questions '*what good is it?", "what can you do 
with it?", and "in what does it result?" are certainly not readily 
apparent. 

The last definitional question we will discuss is 8-Dl of Inter- 
view 8. Here we "a(sked, 

8-Dl . What is, a prime number? Which of the following are prime 
numbers and why? 

a) 2 d) 5 

b) 3 e) 6 

c) 4 ,f), 7. ' ' 

Here many of the participating Anglos and advanced Hispanics were 
unable to accurately verbalize a definition; however lall 8 of these ' 
students operationally knew what a prime number was and could pick 
out the prime numbers from the list abbve. On the other hand, the 
performance of the participating' Hispanic group on this question was 
somewhat poor. Only 3 of the 6 student^ were able to pick out the 
prime numbers from the list, and just as the students from the other 
two groups, these three students were not able to verbalize a 
definition* The remaining 3 students thought "prime" had something 
to do with whether a number was even or odd. 
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Variables vs. Labels 

The fact that variables are treated^as labels by many college 
students has been recently .establ ished in various /tddies (Mestre, 
Gerace, and Lochhead, 1982; Clement, 1982; Clement, Lochhead,^ and 
Monk, 1981; Rosnick, 1981). In the following problem 

Write an equation using 4:he variables S and P to represent 
the following statement: "There are six times as many 
students as professors at this uni versi ty . " Use S for the 
number of students and P for the number of profe'ssors. 
the now-famous "variable-reversal error" where students would write 
6S=P, was committed consistently by approximately 35% of non-minority 
^engineering undergraduate students (Clement, Lochhead, and Monk, 
1981)- Using a population- of Hispanic engineering students, the 
frequency of the variafcile reversal error was 54% (Mestre, Gerace, 
and Lochhead, 1982), 

In clinical interviews of students solving the above problem, 
itwas discovered that one of the major points, of confusion recfarding 
the^ variable- reversal error derived from treating S and P as labels 
for "students" and "professors ",'jinstead of treating them as varia-^ 
bles to represent the number of iludents and the number of professors 
It should be pointed out that the students interviewed displayed that 
they were aware that there were more students than professors in the 
problem -statement (Clement, 1982). For these students, the meaning 

of 6S = P was "six students for every one professor". 

To investigate whether beginning algebra students are prone to 

this kind of confusion, we designed the three questions below. given 

during Interview 6: 

6-Bl • Mr. Smith noted the number of cars, C, and the number of 

trucks, T, in a parking lot and wrote the following 

equation to represent the situation: 

8 C = T 

Are there more cars 'or trucks in this parking lot? Why? - 
Write afn expression with variables for the following statements. 
6-Et]^/Six times the length of a stick is 24 feet. 
6-Bll. If a certain chain were four times as long', it would be 
36 feet, 
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From the student responses to these questions, the evidence is 
strong in favor of the students' proclivity to treat variables as 
labels. In 6-Bl , 11 of the 14 students interviewed from the three 
groups said that there would be more cars in the parking lot as 
represented in the equation 8C=T due to the factor of 8 in front of 
C. Of the remaining 3 students, one from the advanced Hispanic 
group said that there would be more trucks — her explanation dis- 
played that she was using C and T correctly as variables for the 
number of cars and trucks. The last two students, both from the 
participating Hispanic group, gave rather unique answers — one 
said that you could not tell whether there were more cars or trucks 
because the values of C and T were not givenj the other said there 
would be a^n equal number of cars and trucks because "of the in 
the equatton. 

A comparison of the students' responses in problems S^-BIO and 
6-Bll revealed an interesting pl;ienomenon. All 14 students obtained 
the correct answer In both of these problems. In problem 6-BlO, 8 
students wrote a correct equation using the letter "L" for the varia- 
ble, and the other 6 wrote a correct equation using some'other letter 
for t,he variable, such as "a", or none of these 6, however:,' used 
the letter "S" for the variable which is not unreasonable to expect 
since the problem is about a stick. In contrast, the most popular 
variable name used in 6-tB11 was "C" and not "L"; seven students used 
"C", two used "L", and the remaining used fbme other variable name. 
Given that both of these problems asked for a quantity involving 
length, and that many students were using a yartable In 6-Bll to 
represent "the chain", it is evident that the sentence construction 
of these two problems triggered (more often than not) specific 
responses for that particular probleni. That is, the manner in which 
6-BlO started, "Six times the length. \" makes it clear to the student 
that this is a problem about length, thereby triggering the use of 
the letter "L" for the variable. However, In 6-Bll, the first few 
words, "If a chain..." make It clear this is a problem about a chain, 
thereby triggering the letter "C" to be used as the variable. Even 
though 6-Bll is asking for a length Just as 6-BlO is", the student 
is distracted from this fact by having the references' to length via 
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the words "long*' and "feet" appearing much later In problem 6-BlK 

Thus, although the evidence is not conclusive, there are , strong 
indications that these beginning algebra students, not unlike college 
technical students, often treat variables as labels. It further 
appears as though the syntax structure of the problem is largely 
responsible for the triggering mechanism by which a variable name . 
is chosen, with the first important noun in the problem statement 
Ce,g^, "length" in 6-B10 and "chain" in 6-Bll) serving as the trig- 
ger. This makes it somewhat of a random process whether the student 
Will choose a variable name to mean a label for that noun, or a 
quantity to be represented by the variable name. ^ • 

Th|re will be further discussions of the variable reversal 
error and of the, students * performance in other problems^ such as 
the ones above In section D entitled "Ability to Solve Problems-" 

h 

B. Command of the Formal Operations of Algebra 

A complete logical system contains not only a set of defini- 
tions and relationships, but also a set of rules for manipulating 
these relationships. Quite independent of students' knowledge of 
the structure of algebra is their understanding of the dynamical 
laws, or permissible operations that may be used in the process of 
obtaining a solution. We aire not concerned here with the students' 
ability to obtain answers, but rather with their knowledge and 
comprehension of legal algebraic manipulations. Thus* whereas in 
the last section we were interested in whether students knew the . 
rules of the ^ame,in this section we are interested in whether 
students "play by the rules of the game." Investigations in'this \ 
area may eventually lead to an understanding of what determines a 
student's approach to learning mathematics. For example, if'a 
beginning student chooses to menwrize a set of permi$sible operations 
as opposed to more general izable concepts, then this student may be 
able to obtain answers more readily, but at the same time, this 
approach may inhibit the, formation of a deeper understanding. 
Specific research questions that probe this area are: 
- Does the student know what fundamental operations can be 
performed on an algebraic statement? 
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- Does the. student realize that th^se operations do not change 
the solution to an equation? 

- Does the student confuse what "rules" he/she may apply in a 
particular situation? 

Interview questions in this area were interspersed tt^roughout the 
eight interview sessions. This allowed us to monitor progress in 
mastering previously learned, as well as newly learned concepts, 

t 

Commutative and Distributive Properties 

In question 4 from Interview 3 we attempted to ascertain whether 
students had a good grasp of the commutative and distributive 
properties, and whether they were aware of Which of these two prop- 
erties was applicable to addition, subtraction, multiplication, and 
division operations: 

3-4. Which of the following equations are true and why? 

a) 8 ' 4 • 8 . , h) 17 f 4 = 4 r 17 

b) a + b = b + a i)X-Y'=Y-X 

c) a > b = b f a j) X t Y ^ X/Y - . 

■ d) 8 - 3 = 3 - 8- k) a(7 + b) = 7a + ab 

e) a(7 b) = 7a - ba 1) a(7 - b) = (7 - b)a 

f) 10(6 + 3) + 4 = 4 + 10 '6 + 10 - 3 

g) 10 f (2 +5) = 0^ -2) + (10,. 5) 

The two parti cipSt^ng His.panic students who were successful in 
answering this problem used numerical substitution often, to check 
the validity of the equations containing variables. For example, 
in^X - Y = Y - X, these students would substitute something like 
X=l and Y=2, and checked the left, and right -hand sides of the 
equation for equality. For the remaining four participating Hispanics., 
their responses were somewhat r.andom. For example, one student 
stated that aC7 - b) = 7a - ba was true but that a(7 + b) = 7a + ba^ 
was fal se, 'while another stated the converse. Upon probing, it ^ 
became clear that the cause of --the problem was a misunderstanding over ■ 
the role of the parentheses. According to both pf these students, 
the false equation could have been nfade true by having "b" alone on 
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the right hand side. This response was not consistent with answers 
given to a question during Interview ! where we asked "what is ^ ^ 
3x6 + 2 = ?" Here we attempted to confuse the students after all 
six of them had stated that the answer was 20 by pointing out that 
the answer could also be 24, All six of them volunteered that if . 
parentheses are placed around the "3x6", then the answer would ^ 
always be 20, and that placing them around the "6 + 2" would result 
in 24, These students appeared to have an understanding of paren- 
theses as "grouping operators" in a concrete example using numbers, 
but not so in more abstract examples using variables such as those 
above. 

Solving Simple Algebraic Equations 

The questions below from Interview 4 served as a good evalua- 
tion of the students' manipulative skills in solving fairly simple 
algebraic, equations: 

4-Al . Solve the following equations: 
•V " a) 2 + X = 3 d) 4 + a = -6 

b) X + 7 = 10 e) r - 3 = -8 

c) y - 12 = 40 f) X + 9 = 4 
4-A2. Solv^ the following equations: 

a) 3 X = 6 d) 9 a = -18 

b) 4 Y = 10 ■ e) X/3 = 33 

c) -2 X = 12 f) Y/8 =■ -4 
4-A3. Solve the following equations: " 

a) 5 Y + 10 - 3 Y - Y = '14 

b) 4X + 7 = 6X-5 ^ ^ 

c) 7 (X + 3) = 21 

•while the following question evaluated the students' ability to 
multiply negative and a positive number: 
4-A5. a) What is - 7 times 3? 

b) What is. -3 times 7? ■ 
Our disgussTon of the advanced Hispanics wi.ll consist of merely 
stating that they had an excellent u^^derstanding of the procedures 
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involved in solving all of the problems above, and executed^hese 
procedures virtually flawlessly, This was not the case for the 
other two groups. We isolated ten types of errors committed by 
both the Anglo and Hispanic groups as described below: 

1. Failure to reverse the sign. of an additive constant when 
moving it across an equal sign. 

e.g., 2 + X = 3 or r - 3. = -3 

X=3+2 r='8-3 

X = 5 ■ r = -11 

2. Combining a cons*tant with a variable, 

e.g., 2 + X = 3 or X + 7 = 10 

2 + IX = 3 8 X = 10 

3X = 3 X = 10/8 

3. Treating the factor multiplying a variable as an 
additive factor. 

e.g. , 3 X = 6 

X '= 6 - 3 
X = 3 ' 

4. Moving a multiplicative factor through an equal sign 
' by multiplying instead of dividing. 

e.g., 4 Y = 10 or •X/3 = 33 

Y = lO'x 4 X = 33 X 1/3 

y'=40- . . X. = 11 

5. Determining the sign of a product between a positive and 
a negative number by the sign of the factor, with the 
largest absolute value. 

e.g., -7x3 = -21 but 7 x -3 = 21 

6. Changins the sign of a factor when dividing an equation 

by it. j 

e.g.,3X = 6' corollary: 9 a = -18 

X = 6/C-3) 'a = 18/9 

■ • ■ ' X = -2 . a'= 2 
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7. Trying to perform too many steps at once, resulting In 
errors along the way. 

e.g., 5 Y + 10 - 3. Y - Y = 14 

2 Y + 10 = 14 - lb 
2 Y = 4 

8. Failure to respect the transitivity of the equal sign. 

e.g., 4 X + 7 = 6'X - 5 

4X=6X-5-7 = -12=-2X = 6 

9. Strange combinations. 

e.g. , X + 9 = 4 
1 X - 9 = 8 X 
X = 8 - 4 
X = 4 ■ 

10. Silly computational errors, 
e.g., 4X + 7=6X-5 

7+5=6X-4X 
13 = 2 X 
13/2 = X 

Two of the five participating Anglos exhibited a thorough 
understanding of the concepts necessary to' soHe- these problems^ Of 
the remaining three, only one committed error 5, while all three ; 
comnitted error types 7 and 10, In the participating Hispanic group, 
one student showed a thorough understanding; the remainder committed 
various combinations of the 10 errors above. Our general consensus 
in evaluating these two groups was that two participating Anglos* had 
mastery of the "tools" necessary to solve these problems, -two had. a . 
partial mastery, and one had little mastery. In the participating 
Hispanic group, one had a mastery, two had-partial mastery, and 
three had little mastery. 

' Several questions in Interviews 6 and 8 covered polynomials, 
and exponents as shown below: 

6-A2. Add the following expressions: 

a) (3Y^ + Y - 4) t (-2Y^ + 5Y + 1) 

b) (7X^ - 2) + C4X^ - 3X t 9) 

c) (6R^S + 11) + (3r4 + 2RS + RS^ + 2R + 1) 

« 
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6-A4. Simplify each expression; 
• a) z2(-3Z^) = .d) {rh)^= 

h) (2YZ)(3y2)= e) (X5)(X*)= • 
c) (ab)2(ab)2 = 

6-A5, If X=3 an^*V=2,,what are the values of the following: 
• a) xV c) (X^Y)^ 

ft! 

b) (XY)^ d) (X + Y)^ - *. " 

8-D3, Multiply out: ' 

a) (X + 2)(X - 3) 

b) C3Y + DCY + 5) 
8-D4, Factor the. following': 

a) a^ + a 6 

b) X^ + 5X + 6 / 

The additional six errors shown below were made on these five prob- 
lems during the course of the interviews: 

11. Adding bases with, different exponents: 

e.g., 3Y^ + Y = 4Y^ 

12. Adding exponents when summing two terms with unequal ex- 
ponents: • ., 

e.g.l 3Y^ + Y = 3Y^- 

13. Multiplying exponents instead of adding them in a product: 

e.g..' (X^)(X^)'=.x20- 

14. Adding exponents when they should be multiplied:' 

e.g., CR%)^= R^S^- 
15; Neglecting the middle term in a binomial product: 
e,g,, (X + Y)2 = X^ + Y^ 

, and if X = 3 and Y = 2, (X + Y)^ = 13 ' 
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• . ,• CX + 2)CX - 3) = - 6 ; ^ 

16. Inappropriate "factoring of a polynomial: ^ 

■ e.g., + 5X + 6 = (X + 1)CX - ^) 
The frequency of conmitting these six errors for the three 
groups was similar to the pattern for error types 1 through 10. 
Namely, the atlvance<f Hispcinlcs conniitted these types of errors very 
infrequently; the partfcipating Anglos committed them with moderate 
frequency; the participating Hispanics committed these errors fre- 
quently^ 

Before leaving this brief discussion of polynomials and ex- 
ponents, v<e would Irke to point out an amusing result. In Inter- 
view 2, question 2-D3 asked "Suppose X = 3 and Y = 4. -^What is 
(X + Y}^?" Since at the time of Interview 2 polynomials had not 
been covered, we were only interested in whether the students could 
extend their understanding of sqQaring simple numbers to squaring 
a relatively complex quantity,* In Interview 6, we asked essentially 
^the same question: 6-A5d) If X = 3 and Y = 2, what is (X + Y)^? 
^gain,' all three advanped-Hispanics got these two equivalent ques- 
lons correct. However of the 5 students from both the parti ci- 

pUing Hispanic, and Anglo groups who got the question correct in 

\ ? " 

.Irtterview 2 by taking 3 + 4 7, 7 = 49, all -got the question in 

\ 9 2 

; Interview 6 wrong by using 3+2=13. This we think shows how 

stucients can become mind-locked when covering a new topic by attempt- 
ing vto solve all problems using the newly learned procedure, rather 
tham resorting to a previously learnej/, and perhaps easier procedure. 

In. terms of the student 's! overall performance, there was an \ . 
obvious difference between the participating Hispanic^, and Anglo 
groups in consisterfcy . Whereas the participating Anglo group 
shov^red a consistency in error patterns, the participating Hispanic 
groUp was much more random in their error patterns. For example, 
some students in the participating ^iispanic group would commit error 
type 2 in working parts of question 4-Al, but exhibited flawless • 
. techniques in. the remaining parts; the fact that a student used the 

« 

correct procedure in part b) for example, was not any indication of 
the procedure he/she would use later oa in part d). 



It was also clear that the participating Hispanic group was 
more likely than the Anglo group to confuse which rules applied to 
which cases. The participating teacher, in^n attempt to help his * 
students learn various algebraic rules,, made a chart and posted it 
at the front of the class. The chart contained reminders of facts 
such as how to determine the sign of the sum of a positive and a- 
negative number. However, in explaining their procedures for 
solving some of these problems, some of the participating Hispanics 
made it clear that they were applying some rules to the wrong cases. 
For example, for thos^e who said that -3x7 =.21 and 3 x -7 = -21, 
their explanations revealed that they were using the rule for 
determining the sign of the sum between a negative' and a positive 
nunb^f/ 

C. .Ability to Use Algebra 

Before algebra can become a useful problem solving tool, the 
student must be able to formulate a problem in algebra and combine 
elementary operations into a strategy for solution.. These abilities 
clearly require a deeper assimilation of the principles of mathe- 
matics^than does learning to solve assigned problems. Knowledge-of 
those factors which influence strategy formation, or of specific 
le'arning difficulties which inhibit strategy formation, will permit, 
an optimization of the assimilation process. To extend the meta- 
phor we have been using, this area is attempting to ascertafn how 
well the student can "manipulate the rules of th^ game to his/her 
own advantage while still remaining within the confines of legality" 
' Specific questions to be addressed in this area of research ar^: 

- Does the student employ algebraic concepts to solve problems 
without being prompted, or does the student prefer to use' 
other techniques such a trial and error or guessing? 

- Does the student define variables? 

- Does the student have a strategy for a solution, or resort 
'/ to random manipulations in the hope of stumbling onto a 

solution? 

* - Is the student able to extend and apply his/her knowledge 
to a relatively novel problem? 
Various questions from Interview 2 were v^ery fruitful in ex- 
ploring this area. In question 2-C3 of this interview, most students 



revealed that they preferred nat to use variables in solving prob- 
lems. Question 2-C3 posed th^fol lowing problem: 

2-C3. , Suppose I told you that the numbelf^ of students in this 
school is equal to thirty times the number of class- 
rooms. Can you write an equation that says this? 
The result revealed that only one student from the participating ' 
Hispanics defined appropriate variables and solved the problem 
correctly. The remaining 5 attempted to write an equation using 
actual numbers to represent the classrooms and the students. Of 
.these 5, only 2 used variables appropriately in an equation after a 
strong prompt. The 3 participating Anglos interviewed (recall that 
In Interview 2, only 3 participating Anglos were interviewed) could 
not write a correct equation with variables even after prompting. 
This, In fact, was one instance where the participating Hispanics 
outperformed the participating Anglos- ^ Out of the 3. advanced His- 
panics, one solved the problem correctly without prompting, one 
solved It correctly after prompting, and tKe T^st one could not* 
solve the problem even after prompting. 

These results demonstrate that the large majority of students 
are either unable to or reluctant to define and use variables in 
solving problems. They have a much better "feeling" about using 
concrete numbers rather than abstract variables. What is somewhat 
surprising is that this symptom was manifested also by the adyanced 
Hispanics, while their overall performance in the interviews would 
suggest otherwise. 

Another good indication of the students' ability to use algebra 
was their performance on the following problem also from Interview 2 
2-C4, Suppose I have a baljl which I drop from a certain height. 
Every time the ball bounces, it only .goes up to 1/2 of 
the highest' po,int reached in the previous bounce^ If I 
drop the ball from 16 feet, how high does ii go after the 
first bounce? How high does 'it go after the second- 
bounce? Suppose I have another ball that goes up to 3/4 
of the highest point reached in the previous bounce 
(^repeat problem). 
Here, the problem was the students' inability to generalize a 
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mathematical problem. ' Five of the participa.ti.ng Hispanics could 
work out this probleip with the "bounce factor" of 1/2 without 
hesitation. However, three could not general ize this procedure for 
a bounce factor, of 3/4.- It appeared that they had an excellent in- 
tuitive^grasp ol; "halving" but no't of Jthree-quartering", The 
participating Anglos also suffered from this problem, albeit to a 
lesser extent^'the advanced Hispanics were quite facile with either 
a 1/2 or 3/4 bounce factor. It is our feeling that the difficulty 
wi^h the 3/4 bounce' factor was due to students not being able to 
verbal ize. or understand the procedure they used- fn the 1/2 bounce 
factor case —had theyreal ized that all tjjey were doing was multi- 
plying each maximum height times 1/2 to obtain the subsequent nfaximum 
height, they could have easily extended this procedure'to the 3/4 
case. Perhaps the difficulty was that in the 1/2 bounce factor case, 

4 

Students divided by 2, but in the 3/4 bounce factor caae, they were 
not si^re whether to divide by 'S, 4, or some combination of 3 and 4. 

» 

Additional evidence that students are not very aware 'of the 

procedures- or strategies they follow in solving probl-ems was found 

in these three questions fr^ Interview 2: " 

f 2-D4, Which'of the following equa^tions are true statements? 

" " a) ^+ ^ 

K\ r+s _ r' s ' * . 

2-D5. Which of the following is equal to? 

* 3\ 3+x' . "3+x 

b)| + ^ 

. C) ^ + 



7+y 7+y ^ 
2-D6. If X = 13 and y.= 1 /what .is the value, of ? 

Again, weVill not discuss the advanced Hispanics, other than to say 
tha^:'tv*6 of the three obtained the correct answers for all cases 
and, demonstrated that their reasoning was not specious. On the 
other hand, all of the students In the remaining two groups performed 
poorly in questions *2-D4 and 2-D5. Even^those who said 2-D4a) was 



false and that 2-04b) was true offered an improper explanation. All 
but two of 'the students 1n these groups chose b) for the answer in 

'question 2-D5; of the remaining' two, one said that the answer was 
not among the choices given, and the other chose the correct ansvfer, 
but his explanation displayed improper logic. Amusingly, all stu- . 
dents friom these two groups plugged in the values of' question 2-D6 
'and obtained the correct answgr. However, none of those who picked 

.answer b) in question 2-D5'were inclined to plug = 13 and y = 1 
into 3/7. + x/y to see If It resulted in 2 as consistency. check with 
their answer to question ,2-D6, We found it surprising that. none of 

, these students realized that answer b) of problen 2-[)4'is v5 hat they " 
must da to add fractiorls namely, get a common denominator and 
then add t?he numeratolrs. Even though they can add fractions properly 
when couched In concrete terms (iue-, with numbers), they cannot 
isolate the procedure enough to recognize it when expressed in terms 
^of variables. Before leaving t-hese problems, we would like to point 
out that the most frequently given reason for question 2-D4b) being 
fa3se was that there were two t/-s in the denominator in the right 
hand side, while only one appeS^red in the left hand side of the 
equation* . ' • 

Several questions from Interviews 5 and 6 also probed the stu- - 

'dents* ability to generalize their knowledge to problems which went 
a little beyond what was presehtfed in the textbook or In class. 
These problems are listed b^low: . ' ; 

5-A2. Look at tifis diagram:. 

a) ' According to the diagram, 

are there baseball players 
' that do not make, lots of 
money? 

b) Are there people that Mke 
lots of money who are not 
baseball players^ If so^. ' 

] ^ what part of the diagrm. 

represents these people? . 
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c) What does this 
diagram tell you? 
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d) What part of the 
diagram represents 
those fruits that are 
not apples? 

5- B2. Suppose we make up a new operation,/"*", as follows.' 

A * B = 2A + B \ 
What is the value of 3 * 9 = ? 

6- A6. If ffx) = X + 3 -and gCx) = X - 2, wfeat is: '* 

a) f{x) + g{x) = W 

b) ffx) - gCx) = 

c) fCx) • gCx) = . — - 
We will first discuss the questionsfrom Interview 5. In 5-A2, 

we were looking to see if students would extend their knowledge of 
Venn diagrams about union and intersection from the simple examples 
using numbers given in the textbook such as: 



{1,5,7,9} {3,-2,9,7} 
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The Venn diagram in 5-A2, parts a) and-b), above about base- 
ball players and rich people proved confusing to the students. Only 
one out of the six participating Hispanics answered both parts 
correctly and appeared to have a good understanding of what the dia- 
grams represented. The remaining five students had no idea how to 
-answer this question. One student answered^these. two parts by re- 
sorting to his knowledge about the situation in the real wortd.-- he- 
said that all baseball players made lots of money. The students 
performed better in parts c) and d) about "fruits and apples"; four 
of these six students were able to answer part d) of this question 
correctly. 

The performance in 5-B2 was worse. ^ None of the six partici- 
pating Hispanics inter-viewed in this session knew howrto interpret, 
the opera^on Among the erroneous ^answers- given, one student 

stated that* 3*9 = 3A + SB, another that 3*9 = 2A + B, a thfird student 
.stated that you "could hot tell what 3*9 was because you were not^ 
told whether "*" meant you added, subtracted, multiplied, or divided 
the 3 *and the 9. ' - ^ 

y In question 6-A6, the results were much better* Here, four of 
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the participating Hispanics, all five participating AViglos, and two 
of the advanced Hispanics showed that they were using the correct 
procedure in solving this problem. At times, however? some of the 
students who employed the correct procedure were not successful in • 
carrying it out without making errors, e.g,, f(x) + g(x) = " | 
X + 3 + X - 2 = + 1 . -J 

The last three questions we will discuss- in this section. were 
suggested by R.J. Jensen, and S, Hagner from the University of- 
Georgia, These questions were jgiven in Interview 8 and are shown 
below: 

8-Al . Suppose X = 170. What is the value of x - 37? « 

8-A2. SUpDese y + 13 = 160, What is the value of y + 13 - 15? 

8-A3. Su/pose 5(2z + 1) = 10. What is the value of ^^^g^ 
Jensen and Wagner, who are conducting one of the three NIE funded 
studies .under this RFP, 'found in their preliminary analysis that in 
problem 8-A3, students were likely to solve 5(2z +1) =10 for z, and 
then substitute into (2z + l)/2 for an answer, instead of using 
simpler approaches such as dividing 5(2z + 1) = 10 through by 10, or 
solving for the quantity (2z + 1) and dividing this by 2. 

We found that in 8-Al arid 8-A2, all students had little diffi- 
culty in coming up with the correct answer. The procedure used in 
answering these two questions was to subtract 37 from IZO in 8-Al, 
and 15 from 160 in 8-A2. Only -one student from the participating 
Anglos actually solved for y in 8-A2, and then evaluated y + 13 - 15. 
The performance in 8-A3, however, was poor across all three groups. 
Only one advanced Hispanic obtained the correct answer --her pror 
cedure consisted of -staring at the problem until she realized that 
she-could divide through by 10 to obtain the desired result, and 

• 

.* See Jensen, R,J. and Wagner, S. "Three Perspectives on the process 
uniformity of beginning algebra students." In S. Wagner (Ed.), 
Proceedings of the Fourth Annual Meeting of the North American 
Chapter for the Psychology of Mathematics Education , p., 133-139. 
Athensl University of Georgia, Department of Mathematics Education, 
1982. • ^ . . • 
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wrote the answer as 10/10. In contrast to the findfngs of Jensen 
and Wagner, no student attempted to solve this problem by solving for 
z first. Most erroneous answers consisted of either dividing 10 by 
some number (usually 5), or of leaving the answer as an expression 
involving z (e.g., (z + V)/2). 

D. Ability to Solve Problems 

Several aspects of the students' problem s'olving skill's were 
investigated in order to identify any particular difficulties they 
, might have in learning or using algebra. To conclude the metaphbr, 
this area attempts to assess whether the student can "win the game". 
The points upon which the discussion will focus are translation 
skills .between verbal and symbolic representations, coTtutjal or lin- 
guistic factors that may influence problem solving ability, and prob- 
lem solving techniques. Some of the specific rese^ch questions we 
will be addressing are: 

- Does the student possess the necessary algebraic and arlth-r 
metic skills to obtain a solution for a problem without making 
errors? ' 

- Is the student able to tra^nslate word problems into algebraic 
equations and woVd phrases into symbolic expressions? 

- Does the student misinterpret problems because of language 
difficulties such as poor vocabulary or reading comprehension, 

rather than as a result of mathematical misconceptions? 

- Does the student's success^ at solving problems depend upon^the 
amount of linguistic processing that must* occur? 

- Does the student exhi^bit good problem solving procedures and 
habits? 

- Are there cultural factors which may affect the student's 
performance? 

Since the four areas into which we have chosen to divide our 
discussion of the interview findings are only relatively mutually 
exclusive, 'Tnany of the above questions have already been discussed 
in sections A, B, and C of this chapter. In this section, we will 
draw upon the findings discussed in the previous three sections in 
^our evaluation (^f the students' problem solving capabilities. At 
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'this point, it should be apparent from the previous three sections 
that the answer to the fiy^t question above is often "no"./ All 11 
participating students fronr^he Algebra I class have displayed that 
they do not have the necessary mastery of arithmetic and algebraic 
skills that would allow them to confidently obtain the solution to 
a problem without making some kind of error- 

Another impediment to the development of these students' ,prob- 
lem solving skills derives from semantic difficulties. We found that 
all three groups, but particularly the participating Hispanics, often 
got a problem wrong because they simply misinterpreted a word or 
phrase in the problem statement. For the sake of fluidity, we will 
^iscuss some of the semantic difficulties observed during the course 
of the study without making ref6i[;ence to the particular interview 
session or question that elicited response. 

We found two popular interpretations of the phnase "twice' 
a number'*,. The first was "the sum of two numbers", for example, 
A +'B; the second interpretation was "a number tifnes itself", that 
is, the 'square of a number. Students from both of the Hispanic 
groups were more prone to this interpretation. Thus in a problem 
such as "twice a number equals 16", typical wrong answers were of ^ 
the form A + B = 16 or = 16. The term "reciprocal" used in a 
question given only to the participating Hispanics was Interpreted 
to mean "additive inverse" in an operational sense; that is when 
asked to find the reciprocal of 5, the answer -5 would be offered. 
By far, the most misinterpreted term^was also one of the simplest — 
"quotient." ' All but one student from the participating Hispanics • 
misinterpreted this term- Typical meanings that students assigned 
to "quotient" were "product", "sum", and "answer"; a^discussion of 
possible cause for this interpretation is^given in-the next chapter 
where we discuss how students use the textbook. Finally, certain 
constructions such as "subtract 7 from the quotient of x and y" 
gave students difficulties; here, students were more likely to write 
" 7- (something)" than "Csometh1ng)-7", This error is common enough 
. to have been observed by all instructors of algebra at one time or 
another t It is not so much a semantic difficulty that causes stu- 
dents to write "7-(somethtng)" but* rather a sequetitial left-to-right 
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translation of the statement, that is, ♦ 

subtracts fromythe quotient of x and 



X + y 
or 
x2 
or 

x/y 

Although we have no proof, we expect that they would have had no 
difficulties in writing a correct mathematical expression for a con- 
struction such as "the product of-x- afid-y-«mi nus 7", since a left-to- 
right sequential translation will yield the correct result. 

The remainder of this section will be devoted to a discussiofi 
of how students performed In a variety of word problems given durJng 
the last four sets of interviews- Although there were%ome word 
problems given during the first four interview sessions, the students 
had not been working with word problems enough during the fall s^es- 
ter for us to be able to make a fair assessment of their competence. 
We should, however, comment on three findings that were consistently 
manifested during the first four interviews. Firsts there was 
noticeable anxiety exhibited by the students when asked to solve word 
problems. Second, students performed extremely poorly on problems 
that could not be easily solved in their head, or by trial and error. 
Third, on word problems where students had a reasonable degree of ■ 
success, the procedures that were used most often were trial and 
error, or direct solution without use of variables. For example, in 
' problem Dl of Interview 4, ^ 

4-Dl. In 8 years. Ana will be as old as her sister Sdnia is nov^. 
If Sonia is 23 years old, how old is Ana? 
students would either ^guess a reasonable answer, and if that did not 
satisfy the conditions of the problem, would then try another until 
converging,, or they would stare at the problem silently for a while 
until they figured out that what they needed to^do was subtract 8 ^. 
from 23, Only two students, one advanced Hispanic and one partici- 
pating ^nglo\ set up this problem algebraically using variables and 
equations- 
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At the start of the second half of the study, we were interested 
in eliciting the students* opinions on what they found difficult about 
solving word problems. The following question from Interview 5 was 
used for this purpose: 

5-D3. What do you think is the hardest thing about solving 
word problems? 

The following verbatim quotes were taken from the protocols of the 
six participating Hispanics interviewed: 

Student #1 ~ "Getting the information you need to make the 
problem. Like if it says something about how 
' ^ many mil^s she walks, you gotta get how many 

miles " get it into numbers — take it apart" 
Student #2 - "Starting them. First it's hard for me to start 
a word problem. Like trying to find, you know, 
what's x" ^ 
Student #3 - "Knowing what they want. Sometimes I read it 
wrong " 

Student #4 - "The whole thing. I hate 'em" 
Student #5 - "Finding the equation" 

Student #6 - "You don't know what to do — you don't know 

whether to add or divide — you don't know which 
number comes first" 
This question was immediately followed by the following question 
which we hoped would allow the student to tell us, with the aid of a 
concrete example, the s6urces of some of the difficulties they ex- 
perience in solving word problems: 

5-D4. Look at the following problem. 

The sum of Mary's age and Gary's age is 23. Mary is 3 
years older than four times Gary's age. What are the 
ages of Gary and Mary? 

a) How many variables do you need to solve this problem? 

b) Is there something you find hard to do when you try ■ 
to solve this problem? 

c) Can you solve it? 

The same six participating Hispanics gave the. following responses; 
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student # 

1- a) This student said two variables wfere needed. After a 

brief pause, he changed hts>fli1nd and satd that only one 
was needed, A brief moment later, he changed his answer 
back to two. ' 

b) Said he found nothing particularly hard about this 
problem, \ 

c] He wrote the following series of equations: 

3W-KW=23 

J • W=26 .\ ■ ' 

W=26/4 ^ 

2- >a) This student stated "None, You don't have any. Just num- 

bers, I think the variables are the numbers".. 

1)) Here he stated, "This part, '3 years older than four times 
Gary's age', I don't knowright here (pause) times 3, 
times 4, or If you just add this to that", 

c) Was not able to attempt absolution. 

3- a) This student stated that four variables were needed, 

namely. A, A+1, A+2, and A+3. 

b) Said he found nothing particularly difficult about this 

» 

problem. 

c) Student wrote the following series of equations: 

A+A+l+A+2+A+3=23 
4A+6=23 
o 4A=23-6 
; ■* 4A=18 
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A=18/4 

4''a) This student explained that two variables were needed, one 
for Gary's age and one for Mary's age, 
b) Was not sure what was hard about this problem.. 
• c) Student was not able to start this problem and gave up. 
The Interviewer then specifically asked her what she would 
do with the phrase "4 l^lmes Gary's age", and she wrote 
"4G". Then said "I don't know what to do with the '3'years 
■ older' part— do you add, or multiply, or what?" When asked 
to write what she thought the problem wanted done,' she 
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wrote: 
• 3+46=23 

46=20 " ( 

6=20/4 ' ». ' 

6=5 

5- |il This student explained that two variables were needed,^ 

one for Gary's age and one for Mary's age. ► 

b) This student repeated his answer to 5-03, an4 stated that 
"finding the equation" was the hardest thing about this 

'Vrobl em, 

c) After the student displayed he was discouraged because he 
did not know how to proceed, the interviewer asked if he' 
could write an equation for .the first part of. the problem^ 
"The sum of Mary's age and Gary's age Is 23", This prompt 
allowed the student to write: M+G=23, At this point, he 
stated that Mary's age was 12 and 6ary's age was 11, 

6- a) Th,is student said that "about 3 or 4 variables" were 

needed to solve this problem. 

b) Was not*sure what was hard about this problem, 

c) Said that the only way to solve a problem like this was 
"to set it up the way Mr. Smith does". After a strong 
prompt from the interviewer asking him what would happen 
if he let 6'= Gary's age, and M = Mary's age, he wrote; 

3M(G-4)=23, 

The answers to 5-D4 above display that these students were able^ 
to verbalize rather well what- they found hard about solving word prob- 
lems in their answers to question 5-D3, If we may -be so bold as to 
interpret what these students were saying, we believe that what they 
found difficult about word problems is that there is no^^set of rules 
'one can apply which makes the answer miraculously appear, That is, 
ff one asks a student to solve the equation 2+x=8 for x, he/she knows 
that there is a rule that you folloVf '■- even if he/she does not 
remember what it Is at that precise moment or perhaps fven mistaken^- 
ly appltes the wrong rule — and that this rule guarantees that you 
get the correct answer. Hence in the above example, "subtract 2 from 
both sides of the equation", is the temporary panacea for the 
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student's malaise, In word problems, this is no. longer the case. 
Left with no clear-cut rules to apply to a general word problem, we 
see from the responses above that students will try to do someithlng 
with the information giv^n in the problem that will lead to some 
kind of answer. 

Perhaps the current emphasis qff '^teaching- students to solve 
word problems" should, be modified to ''teaching students sound pro- 
cedures with which to approach word problems". This would leave 
the student with something that he/she could use on any word problem 
'rather than force the student to remember "tricks" or "rules" that 
can be applied specifically to "abe problems", "percent problems", 
etc. That students do try to apply rules to word problems is evi- 
dent from the answer given to 5-D4, part c), by students #3 and #5 . 
These two students were trying to apply the procedures* they were 
learning in class on "consecutive integer problems" at the time the 
H,4{^ri^iews were given, to the "age problem" of question 5-D4. 

^ We would now like to shift the discussion to a group of short 
wori^ problems given in part B of Interview 6. This group consists 
of a set of 14 problems designed to investigate a) the translation 
process from a textual to a symbolic representatjon, and b) the - 
question of whether a letter in an equation is. treated as a variable 
or a label by the students. The variable-label question has already 
been discussed in Section 1 within the context of problems 6-Bl , 10, 
and 11 of this set, and we will thus restrict our discussion now to 
the translation process. 

It would be helpful to divide the discussion into two parts, 
the first dealing with problems 6-82,3,4, and 5, and the second 
deaWT^g^with problems 6-86,7,8, and 9^ The former four problems are 
listed below: 

Write an expression using variables, for the following state- 
ments : 

6-82 1 A number added to 7 equals 18, 
6-83, Six times a number is equal to a second number, 
6-84, Nine times a number results in 36, 
6-85, In se^en years, John will be eighteen years old. 
To aid in the discussion of these problems, we have coded the 




performance of all 14 students interviewea in Table 5, The letter 
"C" in Table 5 means that the student worked out the problem correct- 
ly; the entries "skipped" and "no idea" meant that the problem was 
skipped during the interview for that student, and that the student """^ 
tried to solve the problem but had no idea what to do,- Any other 
entry denotes the student* s response in the problem. 

Table 5 shows that students had little difficulty working out 
problems 2, 3, and 4, but that problem 5 caused inordinate diffi- 
culties, There is an obvious difference between problems 2, 3, and 
4, and problem 5, In 2, 3, and 4, the problem structure is very 
clear — • the unknown to be represented by a variable always appears 
near the beginning as the noun "number". The remaining problem • 
.structure directs the student on what should be done with this un- 
known, for example, "a number added to 7*..", or "six times a 
number*.,". On the other hand, the structure of problem 5 does not 
make obvious what the unknown is; the unknown, John's current age, 
must in fact be cfeduced, EvideT^ly two students, one who wrote 
"7+ll=T8'' and the other/7+ir', understood the problem but weire not 
able to write an equation using a variable. It again appears that 
variations in the syntax of simple problems has an observable effect 
on performance* In particular, if the unknown, or quantity being 
sought in the problem is not readily discernible, there is A higher 
likelihood for an error than if the^ unknown appears clearly near the 
beginning of the probTem statement. 

Before leaving these four problems, we will like to point out 
that some of the errors made in problem 6-B3 are very suggestive of 
semantic difficulties. The participating Hispanic who wrote 6N-N 
explained tha^t due to the phrase "is equal" in "six times a number 
is equal to a second number", both numbers must be the same, and 
therefore**N was used to represent both. We conjecture (without 
evidence) that this was the reasoning that caused one advanced 
Hispanic to write the equivalent answer, "6X=X", Further, the 
•participating Hispanic who wrote 6X=2 explained that the "2" in this 
equation represented "the second numlier"; the "second" was apparent- 
ly interpreted as "2", Again, we surmise (without evidence) that, 
the participating Anglo who wrote "6A=2" used similar reasorvNw. 
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TABLE 5: STUDENT ANSWERS 









Problem i 






6-B2 


6.B3 


6-B4 ' 


6-65 « 


Correct 
Response 


X+7=»18 


6A«B 


9Y=36 


J+7«18 



No Idea 



(12 was from 6 
times second #) 



Skipped 



u 
c 



7»18 



(second # was 2) ^'^'^^ 



No Idea 



u 



* 6N«N 



7+ll«18 



6A«2A 



7A.18 



B+7 



6N-2N 



9N+6»36 8+9«18 



2 



c 



7+A , 



C I 



7+11 



llN+7-18 



6N«2N 9Ax4N=36 



7«18 



X-7«18 



a • 1 



c 



c ^ 



o 
c 

> 

•* .3 



6X=X 



C ' 



y+7y=18 
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The participating Hispanic who wrote 6X=12 explained that the "12" 
came from multiplying the "second number" by 6. Finally, there were 
3 students who wrote variants of the form 6N^2N, Although we do 
not have first hand evidence to conftrm our guess, it appears that 
these students were representing "six times a number" by 6N, and 
the "second number" by 

> Let us now move to problems 6-B6, 7, 8, and 9, as shown below: 

Write an expression using variables for the following state- 

ments: 

6-B6. The Dumber of nickels in my pocket is three times more 

"than the number of dimes. 

^ 6-B7, The number of math bopks on the bjok shelf is equal to 

eight times the number of science books, 

6-B8, There cire four times^as many Snglish teachers as there 

are math teachers at this school, 

6-B9^, Last year, there were.six times as many men cheating on 

their income tax as there were women, 

VTe have again coded the responses to this question 1n Table 6. The 

focus of our discussion will be on the "variable reversal error", 

coded as "Reversal" in Table 6, which was briefly discussed in 

Section A of this chapter. The syntax of problems 6 and 7 are 

suchTthat a left-to-right sequential translation should yield the 

appropriate answer, for example, \^ 

"the number of nickels "is (equal to)" "three times the 
in ny pocket" ^ number of dimes" 

N 3 D 

A similar left-to-right translation of problems 8 or 9 wilf result 

in the variable reversal error, for example, 

"there are four times as "as there . "math teachers at 
. many English teachers" are" this school" ' 

4E ^ , = M 



* We urge the reader to review the discussiqn of t^ie "variable 
reversal "error from the Variable vs. Labels section of section A, 
in this chapter. 
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TABLE 6: STUDENT ANSWERS 



Problem # 



6-B6 



6-B7 



6-BB 



6-B9 



Correct 
Response 



N«3D 



M«8S 



E»4M 



M=6W 



No Idea « Skipped No Idea . * No Idea 



c 



No Idea"^ 8 •6^48 4-4=16 2-6«12 " 

(2=»women, 6=men) 



^ 3 
c 



8xS=-8 



4xS«-4 



6-W= 



f 4 

ft ~ 



'Reversal Reversal 



3N+D 



Reversal Reversal Reversal 



3d'4+N» ' . ^4M-a-8= 4MT=20Et Reversal 



3N-0^X* ^(Bw^iTo?. books) ''^'^-'^ 



Reversal 



2 



c 
< 



— a;^'B 



N^.D 



Reversal Reversal Reversal 



b-S^ 



Reversetl 



,1* 

ft ~ 



3N>10 



N«8 



Reversal Reversal 



5 ; 



Reversal * Reversal * 



^ 1 



.Reversal Reversal 



to 
> 

< 3 . more than N X® more than N. X^-N«X=1* more tfrah H 



Note: Students app%ar in the same order as In Table 5. 

''"Upon prompting, student displayed an Improper understam 
sizes among the two quantities In the problem statement 



Upon prompting, student displayed a proper understanding of the relative 
sizes among the two quantities in the problem statement. 
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We would thus expect more correct answers on 6. and 7 than' on 8 and 
9, and further, we ^gect;thdt those who trans-late problems using 
the -sequential left- to-right method would fikeTy get 6 and-7-Gorrect,^ 
but 8 and 9 variable-reversed. This was borne put. by the results; 
four students obtained both 6 and 7 correct as shown' on Tabl6 6, 
but of these four students, only one advanced Hispanic was able to 
get 8 arid 9 correct, ' ' 

Me should mai:e one important d4»stincti on with respect to the 
order of qccurrerice of two.jseparate events. The 'question .is, does^ 
the proclivity to treat variables as labels, such as problems like 
"the students and professors", a '-problem .discussed in section A of 
this chapter, or problems 8 and 9 above,, come before writing a 
variable reversed equation, or does the proclivity to treat varia- 
bles as labels come after the student has Obtained ^ variable 
reversBd equation by a Sequential left-to-right translation of the 
problem? We believe the latter to be the case. Fi rst ,, the. student 
translates the textu^tl portions/ of the problem^ sequentially andv 
arrives at a variab1e-revers.ed equation. Then , the student^s fg'cus 
shifts from thd problem to_ the equation, and henceforth, the 
"variables"- are treated operationally as labels by the. student- This 
ts why many students who write variable-reversed, equations at. both 
the college level and in this study- have an accurate understanding of 
exactly what is stated in the problem, and yet believe that their 
equation Is al^o an 'accurate representation of this. Clement 0982) 
Showed' in clinical interviews with college engineering students 
solving the "students and professors "..problem that many of these ^ 
students are perfectly Wre that there are more students than "pro- 
fessors, and think 6S^P reflects this situation. Similarly, Table 6 
shows that in those casgs where the int-erviewer prompted tl^i-stU'- 
derit about the* relative sizes of the quantities in the problem * - 
statement, there WSis only one instance where a student showed an 
Incorrect interpretationj that is,,, participating Hispanic student 
#3 tn probl enj- 6-B6 (marked with "t") thought that the problem 
.stated there were more dimes- than nfckels — In all other cases 
where prompting on the relative size of the problem quantities 
occurred Kmarked with "*"),-the students dtsplayed knowledge of the 
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relative sizes of the two quantities^tn the problem statement. 
^ ' There is one surprising result irv Table 6, If we groyp all the 
variable-reversal errors together with all correct responses for a 
particular problem, then this, corresponds to all those students who 
at least understood that .the problem was asking for an equation 
relating two quantities in some specified proportion. There were * 
a total of 4 and 6 students tn this category in problems 6-B6 and 
6-B7, respectively. However, in problems 6-B8 and 6-B9, there were 
6 and 10 students in this category, respectively. Thus, if this " 
aggregate correct-answer/reversal -error category is taken as a 
measure of "understanding" what the problem is asking, it appears 
that questions 6-B8 and 6-B9 were easy to understand in comparison 
to questions 6-B6 and 6-B7. We find this^ surprising since quest/ons 
6-B6 and 6-B7, albeit somewhat harder, have the same structure as 
questions 6-B2, S, and 4, (see pages 56 and 57)? which students 

r 

found easy to work. out, A possible explanation for this result is 
that the phVasings in problems 6-B6 and 7 are those used in formal 
mathematics and therefor^ more arcane than the colloquial phrasings^' 
of problems 6-B8 and 9, 

Finally we would 3 ike to offer a possible explanation for the 
"unexpected" answers in problem 6-B6. By unexpected answers in 
6-B6 we mean thj^ three answers with the inequality "greater than", 
and the four answers which were not in the form of an equation, e.g. 
"N^^d" and "N-D=". It should first be noted that these types of ^ 
answers did not occur' with anywhere the same frequency in problem' 
6-B7 a problem fairly equivalent in structure to problem 6-B6. 
It appears that the bigges^t difference between these J:woi problems' * 
is that in 6-B6, the word "equal" was never explicitly used as was 
the case in problem 6-B7; the equality in 6-B6 had ,to be deduced • 
from context- Those students that wrote their answers as inequal- 
ities seem to have,1nterpretea the phrase' "-is 'three times,. more than" 
as a statement of inequality rather than as a statement of equal tty* 
Lochhead (1980) has pointed out that tmplictt;,in algebra i'S the' ' ' 
ability to write equations to relate quantttfes -which are in. fact ^ 
.not 'equal, b,ut can be made equal by ustng aippropriate weightings 
(e;g., i^ the "students and -professprs^^iproblem, even though the:^ 
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two quantities, S and P, are not equsl , they can be rented yia the 
equation P=6S)., 

Performance as a Function of Word Problem Length 

Our assessment of how performance was affected by the amount 
of semantic processing required by a word problem was made by design- 
ing two sets of problems,, each set containing four problems. In the 
first .set* the problems were terse, while trr the second set,-the^ . 
problems were verbose and often contained information irrelevant to 
the solution. Algebraically, the structure of the problems were 
completely equivalent across the terse-verbose sets- It was expected 
that students would perform better in the terse problems than in the 
ver^faose problems. The two sets of problems, ^iven during Interview 
8, are shown below: 
Terse 

'8-BK A number added to 11 equals 23. What is the number? 
. 8-B2, Twice a number is 26, What is thfe number? 

8-B3. Six" times a number is equal to a second Jiumber. If the 

second number is 48, what is the first number? 
8-B4. A number multiplied by 4 results in 36, What is the 

number? 
Verbose ^ 

8-CK In a recent survey conducted among the teachers of this 
^ school, it w,as discovered that .11 teachers wanted to con- 
tinue school through the summer. How many more teachers 
would be needed to raise this number to 23? 

8-C2^ Different bicycKs Jiave different size wheels. Some have 
very small wheels (only 10 inches high) and some old bi- 
cyclers have a front* wheel over 6 feet tall. Many modern 
10 speed bicycl&s have wheels 26 inches hjgh- What would 
be the distance from the ground to the center of a 26 inch 
^ bicycle wheel ? ' " 

8-C3. An article in a repent medical magazine states that college 
women who smoke cigarettes are six times as likely to 
have lung cancer as college women who d6n*t smoke, . If in- a 
large eastern state university there are 48 smoking v^dmen 
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with lung cancer, how many non-smolcing women with lung 
cancer are there likely to be? 

8-C4. In a small blood sample analyzed at the local hospital, 
^ there were 36 blood cells. found. It was also found that 
the number of serum antibodies was smaller, than the 
number of red blood cells by 3 fatter 'Of 4. How many 
^ serum antibodies were found in this blood sample? 

A sunmary of the students' performance is shown in Table 7, We 
have added a different code-, "H", to mean that the problem was 
worked out in the student's head without any algebraic set-up- 

Two aspects of Table 7 are surprising. First, even though there 
were more correct answers in the terse set as was ejcpected, the per- 
formance in the verbose set was not significantly worse for any group 
This Is surprising in view of a recent-study with Hispanic college 
students majoring in the sciences,, where we found statistically sfg- 
nif icant differences In student performance between terse and verbose 
.sets of algebra problems of slightly higher difficulty than the prob- 
lems given to the ninth grade students of this study (Mestre, 1982), 
Second, the niirnber of students that used algebra in solving these 
problems was extremely low. This was perhaps more discouraging than 
surprising, particularly since thi^ interview was given in May near 
the end of the school year. It appears that even after completing 
one academic year of algebra, students still prefer to work out prqb^ 
lemHusing non-^lgebralc techniques. This finding is consistent with 
a recent study by'Karplus, Tourniaire, Pulos, and Stage (1982) who 
found that eighth grade students will not use algebraic techniques 
unless problems are sufficiently difficult that non-algebraic tech- 
niques would prove an 'inefficient procedure f^OTfcilning an answer. 

There were some difficulties worth mentioning in the verbose 
set which we -believe were a consequence Df the Increased verbosity. 
We mention three such difficulties. The first refers to the ^response 
on problem 8-C2 by the secpnd participating Hispanic on Table 7. 
By writing "]0-6=16" thfs student displayed that he w^s trying to 
incorporate all the Irrelevant information given in the problem," 
such as some h^ive Very small wheels (10 Inches high) and some 
ol(J bicycles have a front wheel over 6 feet tall,,/' into his 



TABLE 7: STUDENT ANSWERS 



Terse Problenis Verbose Problems 
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8-Bl 8-B2 8-83 8-84 . 8-Cl 8-C2 8-C3 8-C4 



Correct x+ll=23 2X=26 Y»48 4X=36 

Response ^^^^ X=13 X=8 X=9 12 13 



r: 4 



' C.H C.H C.H C.H C.H C,H C,H C,H 



2 Said "23" C.H C.H C.H C,H 10-6-16 48=6=42^36+4-40 

. 16-26-10 

s 
to 
a. 

5 3 C.H C.H C.H C.H . C.H C.H 6x48=288 C.H 



O. 

u 



c 



> 



9 ' c,H C,H C.H C.H ^iC,H C,H ^ 48x6-288 C,H 

2A-26 ll+t'=23 
A+11-23 A-26/{-2) 6A-48 4R-36 t-23.11 No Idea 6AM8 Said ''32" 
A-23/11 A«-13 A--8 R-36/{-4) t-12 A-48/6 

Said not 

C,H C,H C,H C,H C,H Said "30" enough info. C,H 

given 

C.H C,H C,H C,H C,H C,H C,H C,H 



S Z C C C C C,H C,H C.H C,H 

Z 2 - C.H ' C,H. C.H C.H C.H C.H C.H C,H 



4 C * C C C CI OS+26-26 6+C-48 C 
a. S«0 ' C-42 

5 C.H C.H C.H ' C.H C,H C,H , 6x48-288 C»H 
-i3 1 C.H C,H C.H CH C.H C,H Said "48" C,H 

C.H C,H .C.H C,H C.H C.H C.H C.H 



6,h' C.H 48+X^«N C.H C.H C.H >C,H C.H 



Note: Students appear in the same order as in tables 5 and 6. An entry of C.H implies* a correct 
ansv#er worl^ed out in the $tudent's head. An entry of C implies a correct answer using atgebra. 
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solution. Being able to sort essential from nonessential Information 
in a problem is a necessary tool for successful problem solving- 

The second difficulty concerns the response given by the^sixth 
participating Hispanic in problem 8-C3, This student allowed his 
personal opinion to bias hts understanding of the problem, as we 
can see from the following quote from' his protocol: 

"I don't know 'cuz they don^t say how many women are at the 
college. They say 48 of them smoke. It could be, like, 200 
girls^or more women than that. Colleges have a lot of women 
and there are, like, 48 of them that smoke and there's a lot more 
that are there, so maybe other people don't smoke" 
We are neither sure of the cause of the third difficulty we are 
about to discuss, nor are we sure why there was a difficulty at all- 
We are referring to the fifth participating Anglo's response to 
problem 8-C2. A detailed description of the sequence of events 
* leading to this student^s answer would be elucidating. ^Initially, 
the student wrote "105+26=26", solved- for S and did not like the 
fact that S turned out to be 0. The interviewer then asked her to 
draw a picture depicting ];he situations and she drew an accurate 
picture of a wheel and by pointing, displayed that she understood 
the distance that, was being asked -for In the problem. Next she 
rewfote the same equation above, this time using the variable I 
instead of S, where presumably I stood for inches. Again she solved 
for I and did not like the fact that I turned out to be 0 for the 
second time in a row. At this point, the interviewer asked her to 
talk about what she thought the problem was sayi'ng and she read and 
explained the problem extremely accurately, even going^as far as 
stating that t^e information about tfifevOld bikes having 10 inch 
wheels and the part about the 10 speeds rad nothing to do with the 
problem. She finished by saying that what the problem was asking 
was the "distance to the center of the wheel". After all this, she 
could not figure out that all she needed to do was to divide the 
distance from the top of the wheel to" the ground by 2. She finally 

estimated the answer by looking at the picture she had drawn of 

, * That students are of,ten not aware that merely changing the variable 
name in an equation does not change the solution to the equation* 
has been observed by Wagner (1981) . - 
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the wheel . 

English vs, Spanish Performance 

Several questions were constructed to Investigate whether there 
existed observable differences in problem solving style, confidence, 
anxiety, etc, for the partipating Hnspanics when their performance 
in solving problems in English was compared to their performance in 
Spanish, Since the Algebra course was taught completely in English, 
all information, vocabulary, and experienceJ.n this new subject 
will be associated with English. This may mean that these students 
are "coordinate bilingual s" with resect to algebra. 

There are numerous theories^ as to how language is represented 
in the brain- One such, theory, compound vs. coordinate bilingual ism 
(see Segal owitz, 1979 for an excellent review) suggests that this 
representation is dependent upon the type of upbringing to which the 
individual has been exposed. A compound bilingual associates the 
same meaning for a word, concept, etc* in both languages due to ex- 
posure of that word or concept in both languages simultaneously. On 
the other hand, a coordinate bilingual has separate meanings for the 
same word, concept, etc, in two languages; this situation arises whei 
the bilingual assimilates information from two very different set- 
tings. In the case at hand, we were interested in how the partici- 
pating Hispanics approach a word problem written in Spanish given 
that all their previous associations in solving word problems had 
been in English, 

To study this, the following questions were used during Inter- 
view 5: , 

' 5-El\ 4a suma de dos numeros The sum of two consecutive 

enteros consecutivos es integers is 51 ^ What are the 
51., Cuales son los numeros? numbers? 
B-t2. Work out the folloW^ing two problems: ^ ' 

a) Si lapices cuestan cuantb? puedes comprar con 
$2.05? 

b) How many ]5i candy bars can you buy with $1.65? 
5-E3. Write- an equatton for the following two statements: 

a) Dos ^^eces un numero sumado a 3 es igual a 5. 

b) Doce mas que el doble de lin numero resulta en 6. 
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5-E4. El costo de una casa y un terreno es $40,OOQ. La casa 
cuesta aiete veces mas que el terreno, .Cuanto cuest^ la 
casa y cuanto cuesta el terreno? 

5-E5. a) John has 6 times more quarters than dimes. How many* 
dimes does he have if he has 18 quarters? 

b) En una fiesta hay 8 veces mas bote! las de cerveza que ♦ 
<^ de vino, Cuantas botellas de vino habran si hay 16 

botellas de cerveza? 

c) The larger of two consecutive even integers is six 
less than twice the smaller. What are the numbers? 

d) El.menor de dos numeros enteros consecutivos es uno 
mas que el doble del mayor, Cuales son los numeros? 

In the first problem above, the students were asked tO/ read the 
equivalent problems in English and Spanish and state whether they ^ 
found the**Spafiish version Hard to understand, Oaly one student ^ut 
of the six stated that he could not understand the problem in Spanish 
well enough to attempt a solution. The rest of this discussion will ' 
be restricted to the remainin^five participating Hispanics, 

The performance of the students in the Spanish problems was not 
observably di/ferent from their performance in the English problems. 
The styles used in solving the Spanish problems differed somewhat 
across the students. Two students read the Spanish problems and 
proceeded to try and solve them directly. One student, who had not 
^had any formal training in^Spanish, was not comfortable reading the 
problems silently; instead, she "sounded out" the problems, that is, 
she^ read them aloud, until she aurally understood what the problem 
was o^sking. The remaining two students translated the Spanish prob- 
lems into English, and would not start on the solution until they 
understood the English translation/ The former two students stated 
that they were equally comfortable reading the problesms in either 
English or Spanish, while the latter three stated a preference forj- 
the English versions. All five students encountered some Spanish . 
words they did not recognize, and asked about their meaning; once 
, told, they had no further difficulty unders^nding what Was being 
asked in the problem, that is not to>say that once they understood 
what was being asked, they were successful at solving the problem, 
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These differences in approach, and unfami liarity v/ith certain, 
vocabulary words did not, per se, create any additional difficulties 
jn the ability of students to solv-e problems.- We observed nothing in 
their overall perfonnance to indicate that they could solve problems 
in Spanish any better, or worse than' in.English* We should caution, 
however, that if these students had been solving word problems in 
Spanish. total ly on their own, it is very likely that their perform- 
ance would have been worse than in English due to vocabulary diffi- 
culties, or inappropriate translations. Given that these students 
have been mainstreamed for some time and receive all their instruction 
in English, it ts not surprising that the majority pi^efer to work 
Out word problems phrased in English* 

E- Students Explaining Mathematical Concepts to Each Other 

Up to this point, no mention has been made 0/ Jnterview 7. This 
interview session was entirely different in style from the other 
interviews, and therefore does not fit into the discussions of the 
previous four sections. In this interview, we were interested in 
how students communicated mathematical concepts anx)ng themselves. 
It was. our hope that by listening to how a student explains a newly ' 
learned concept to a peer that has not seen this concept before, we 
would be able to determine what the student had deemed essential, 
or important enough to teach to one of his or her peers. 

The approach taken was to select 6 topics which we were con- 
fident the students had not encountered before. The three inter- 
viewers chose two topics each and prepared "mini-lessons^* to he 
presented to. the students, A typical interview Session consisted of 
two stniul taneous but separate presentations of two different topics 
by the interviewers to two students. Each presentation took approxi- 
ma'tely ten minutes. After both Interviewers were finished with the 
mini -lesson presentation, the two interviewers and the two students 
got together as a group, and each student tn turn would teach the 
other what they had just learned in their mini-lesson. When they 
were finished, the group split back up Into the original Interviewer- 
student pair and a short quiz, both on the topic the student had 
learned from the interviewer, and on the 'topic the student had 



learned from his or her peer, was administered to the student. All 
six participating Hispanics were interviewed in this fashion. 

There were various precautions taken to ensure consistency among 
the jnini -lesson presentations given by the interviewers. For example 
each interviewer presented, both of their mini-lessons during our 
weekly staff meeting in order to evaluate and critique the presen- 
tation. The mini-lesson approach selected was designed to optimize 
on clarity of presentation and simplicity of vocabulary. There was 
a stipulation made that the interviewer have Some assurance that the 
student had grasped the "essence" of the presentation, otherwise it 
would be pointless to have the student teach something about which 
he/she has no understanding, 

» The following were the six topics that were used in the mini- 
lesson presentation; 

1, Bar graphs. Students were shown how to read, interpret, and 
draw their own bar graphs, 

2, Operations, Several operations were defined, such as "*", 
defined as A * B = 2A + ,B, and students were asked to use 
and manipulate them. Students were also asked to deduce an 
operation by giving them the result of the operation on 
two numbers, <> 

3. Square Roots, How to take simple square roots as well as 
how to simplify expressions such asi/S" = 2/2" were covered\ 

4. Circles, The topics of radius, diameter, and circumference, 
and mathematical relationships between them were covered- 

5. Angles, Here the student was taught how to measure an angle 
using a protractor, and why a ruler could not be used for 

^ tJiis, 

6, Linear Graphs, The student was taught how to plot a linear 
graph and the meaning of "y intercept" and slope. 

Before proceeding to discuss the results of these Interviews, a word 
of caution is in order. The situation contrived to haye these stu- 
dents talk to each other about mathemaitical concepts was not one 
which would naturally occur. Further, there were some constraints . 
that could not be removed. For example, the mere presence of the 



interviewers while the students were teaching each other may have 
inhibited the students and forced them to communicate in ways "shyer" 
than they would haye otherwise communicated. We are not aware of 
whether these students ever talk to each other about math, or of the 
coimunicative techniques they use if in fa^t they do talk to each 
other about math under more "natural" circumstances. The findings 
from this "ex perij agnt" may therefore not be indicative of how a 
student would tutor a peer. Perhaps this experiment Js useful only 
in allowing "us adults" to perceive how we souncl^to "them kids". 

Summarizing the "experiment" we can state that the teaching 
style used by the students did not differ appreciably. Jhere were, ' 
however, distinct differences between the style used by the students 
and the style used by the interviewers* The most obvious contrast 
between the two styles was that whereas the Interviewers were attempt- 
ing to iTTipart knowledge, the students were attempting to impart 
information. At no timfe did the students attempt' to "mptivate" th^ 
subject they were teaching to -their peers. The students' present- 
ations were geared toward answering the, la(tter two questions of the 
"three questio>n hypothesis" posed in Section A » namely, "what dan 
you do with it?", and "in what does it result?" At no time did they* 
atrtempt to answer the first question, ^namely, "what good is it?" 
I^erhaps the best way to illustrate this contrast is to follow one 
, pr'otocbl of an interviewer teaching a student, "Carlos", about 
circles, and how Carlos teaches this material to another student, 
•"Ana", ^ 

I: OK. What we are'going to do is--I am going to teach you some- 
thing which will -take me about 5 or 10 minutes. He (referring 
to another interviewer at the other end of the room)' is ^ - 
teaching Ana something different from what I am teaching you, 
and then we Will all get together and you will teadi Ana what 
I taught you,, and she will teach you what was taught to her 
^""""""""^""^^^^ David. Then vjym^^ get separated and I will give you a - 
quT^vQn^ ever^^ — what I taught you ^nd what Ana taught 
you^ 

C: (Chuckles) OK, 

I: All right, we are going to talk a'bout circles. Let's first 

c 
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draw a circle with this compass (draws circle)- That 
(pointing to the hole left by the compass) is the center of 
the circle. Let's getvthis ruler 'cause we are going to 
need it soon. Now there are various^ relati onships which are^ 
important. Before we talk about that, let's talk about the 
names of some of the parts of this circle. For example, the 
distance from the center of the circle to any place on the 
circle itself is the same no matter where you measure it and 
it IS called the "radius". This circle here happens to have 
a radius equal to 2 inches (the circle radius is being meas- 
ured with a ruler during this). So let's give that distance 
from there (pointing to the center of the circle) to there 
(a poing on the circle) the symbol R. Another length that's 
Important in a circle is called the "diameter". That length 
is from one side of the circle to the other, .but it must go 
through the center, otherwise you could-- sort of go anyplace 
you wanted. So if I take a line that goes through the center 
(draws one such line with the ruler) then the distance from 
there to there (points) is the diameter. You can see that 
there are many diameters since you can draw a line like this 
ariy place you want-- they are all the same length. Now you 
can see that from here to here (points to distance from circle 
to center along the diameter line) is a radius and from here 
to here (points to distance from center of the circle to the 
other side of the circle along the same diameter line) is 
another radius, so we can write a relationship that says that 
^ a diapieter is equal to two of these (pointing to the drawing). 
So you can write a' relationship which says that twice the 
radius is equal to the diameter: ' ^ 

2R=D 

So the radius of this circle is, 2, And so the dianjeter is? 
(we measure It with a ruler) 
C: Four, 

I: Right. Now the last thing we are going to talk about is 
something called the "circumference". The circumference is 
the distance around the circl^ and we could measure it with 
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some kind of circular ruler if we had one* So if I start 
► .here (points at a point on the. circle), it is the distance 
completely around and back to here again (denotes this dis- 
tance along the circle with finger), 'Now I brought one of 
. these tapes (shows Carlos a measuring tape) and we are going 
to measure, the circumference of this circle (points to a 
circle made out of a block of wood). But first, let me tell 
you something^ else* The nice thing about circles is that 
there is a relationship between the circumference, the dis- 
tance all around here, and the diameter for any gtrcle no 
matter how big or small the circle is. I will tell you'what 
that is— if you take the circumference and divide it by the 
diameter you always get close to this number: 

C * * 

So this is one of those things that are true— sort of a law 
of nature. Til show you what that means, (interviewer grabs 
the flat, wooden, cylindrical "circle" and using the ruler 
measures the diameter). Now the diameter of this circle is? 

C: Six . 

I: Yes, six incTies. Now the circumference (takes measuring tape 
and wraps it around the wooden circle to measure it)' is 
(showing Carlos) aboi|t 19.5 inches. So let's divi-de that now. 
The circumference is 19.5 and we divide that by the diameter 
which is six inches: 3.25 

18 
15' 
]2 

30 . V . , 

30 
0 

SO you can see that 1t^s close to 3.2. If I ha4^done^it a 
little more carefully, it would have come out closer.^ 
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We decided to use 3,2 rather than the actual value of it for simp- 
licity, and because the measurements we took at the staff meeting 
resulted in answers .very close tO|3.2. 
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C: Yeah. 

I: So you can see it works. And it doesn't just work for this 
• circle. It will work for this one too (points to a smaller 
wooden circle),. What's the diameter of that circle? 
C: (measures it) Four. 

I: Why don't you try measuring the. circumference— you '11 prob- 
ably be able to hold that tape better than I,, (Carlos wraps 
the tape. around the circle). 

C: Twel ve point five, 

I: Soviet's try;that again— if we take the circumference which 

is 12,5 and div.ide that by the diameter which is 4, 

' 3.12 
4»T23~ 
, 12 
"0 5 
4 

To 
A 

2 

So again, you can see that it is not quite 2<2 but iV's 
close. It would be better if we made our measurements very 
accurately. One \ast thing. You know that C/D = 3/2, And - 
you know from here (points to eqn, 2R=D) that the/diameter is 
just two "radiuses". So we can write, 



3 



= 3.2 



C: jNods approval )• / 
I: Now what all this is telling you (points to/series of 
equations: 



— =32 
D ^'^ 



/ 



/ 



is that If I/g1ve you a circle, and you measure the diameter, 
you can tell me the circumference without haying to-^|peasure 
it. You just take D times 3*2 to ;get C (points to the first 
equation above). If I give you another circle, and I tell 
you the circumference, and I .ask you 'V/hat's the diameter?'* 
you' can just take the circumference and divide* it by 3.2 ' 
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after putting D on the other. side (points to first equation 
above). So that says that any two of these things that I give 
you, you can give me the other right away, 
,C: uh huh. , 

I; That's what's useful about it. Do you have any questions? 
C: No 

I: Explain to me then, if I had a circle like that one (points 

to the original circle drawn on the she.et of paper with the 

compass) and r tell you the radius is 4 inches, how would ^ 

•you find the circSmference without measuring it? 

.C: By-the diameter--- -"'--^—^-"-"^ -• -« - .. • > 

I: What would be the diameter? 

c 

C: Eight (Carlos now writes g- = 3.2 and stares at it for a 
s little? while) « 
.1: Can you put C by Itself? 

C: (Carlo's now multiplies through by 8 arriving at C = 8 x 3.2 

and answers) It's 8 -times 3.2. 
I: So you- understand circles? 
■ C: Yeah 

I: OsK. Let's "stop here "and when David is through teaching An^a, 
we' will get together and you can teach Ana about circles. 
The fpllowing is the protocol of 'Carlos teathing Ana the same lesson: 
C: This is a compass, (Draws a circle with the compass). We got 
a circle here, right? We will measure from the 'thing, \^ke■ 
from one side to the other side to get the diameter, and from 
here to here's the radius, or whatever they call it; Now. we 
measure from... let's see,,, fr'om here to here .(uses ruler to 
• measure the radius of the circle) we get 2 inches, right? 
That'd' be R, And from this side, -from one side of the circle 
to here (points with hi.s finger to a distance cgrrespopding 
.to a diameter) is the diameter, , .it could be eitheT^+de, it 
will be 4. So^ it will be R=2 Inches and D=4. And see over 
. I here, we just got, like, it's' two radius that equal,.. that 
make up the 'diameter. And this (pointing with his finger 
■ around thesctrcle to denote the circumference) is, uh.. let's 
see,, (^fter a short p'ause., Carlos looks to' his interview^ 
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as if asking for help in remembering the word for that 
distance) , . ' ' 

I: Circumference 

.C: Circumference is..uh., measurement for the whole circle, 
Se^, you start here (points to a point on the circle) and 
just measure all the way around the circle, and'you^will get* 
-that. See,- if you divide, • .(ft this point Carlos looks at 
his interviewer and asks) say it that way? Just look at it 
and say it? • \ ^ . 

"I: 'Say it as best as you can% Explain it to Ana as b^st as you 
can, , « \ * ; 

C* OK. We divide that, um, the circumference and th^diameter 
and it would equal 3^ And if you measure this it would 
cogie close (pointing to qne of the circles), if yoU nreas)ire ; 
any of these it would come clos6 to it^ Let's see. Six", 
diameter (He is measuring the diameter of a *waoden circle 
and writing down the djameter as D=6, Then he takes the tape 
and wraps it around the wooden circle to obtain the circum- 
ference. He appears to be engrossed in this process and does 
not let Ana know what he is doing), ' ^ ^ - 

I: Show Ana what you are^going, don't just do it. 

C: Yeah, Tm just getting it ready (meaning all the measure-: . 
ments before he shows Ana the relationship C/D = 3.2). 
Measurement's 19.5 (referring to the measurement of the ./ 
circumference), I'm measuri ng- that (pointing to tlie distance 
around the circle) (at this \Doint he -turns 'to the inter- 
viewer and adds the, parenthetic remark) and I got it easier 
than you this time (s^Jiles)^ And you would divide 19.5 b^ 
6, Three,, eighteen-, one point five, and six goes into 15,. 
12 and you get 3 (he is saying this as he writes:) 

• 3.25 

' 6/19.5 

.18 
^ .T,5 
1,2 

' ■ , ,30 
It cDmes close, and you put it down.,, it comes to whatever* 
it comes to here (pointing to the 3,2 in tfje equation 
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^ C/D = 3*2). You measure that one Cgives Ana the ruler, 

tape, and another wooden circle). 
A: It^s twelve around [she is using the tape -to measure the 
circumference. Now she takes the ruler and begins to measure 
the diameter. At this point she is not sure how to read the 
divisions on the ruler and asks Carlos:) The little ones or 

. th^e^big ones, or.,,? 

C: (points) this one right here, ^ ^---^^r.,— \ r 

A: Uh, threeee.., 

C: MakeM't as close to the bigger number as you caf^-thafway • 
^ Four, 

\ ^ 

C: All right, 4 into 12 and you get.,, 3? '(at this point Carlos 
is somewhat puzzled because when he did it, the diameter and, 
circumference, were measured to be 4 and 1^*5, respectively, 

^ ' giving the answer 3J2, instead of the answer 3 which Ana 
just obtained. Ana senses that something went wrong). 

A: A mistake? 

} C: No. (He does not sound too convinced as he says "No"). 

I: Well youVe measuring those things kind of casually. If you 

do it really accurately, it would come out closer. 
C: Tm'done, - ^ 

ft: Oh, No! (the Oh, No! refers to the fact that now it is her 
turn ?o teach Carlos what she was taught).' 
For the sake of completeness, the quiz administered at the end of 
the Students' teaching sessionM*s shown below: 

1. If the diameter of a circle is 10 inches, what woufd be its 
circumference? 

2. If the radius of a circle is 4 inches, what would be its 
diameter.? \ 

3. Find the radius, diameter, and circumference of the following 
circle: , ' , • 
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4. If the radius of a certain circle is 6 inches, what is 
its circumference? 

5. If you buy a 27 inch bicycle, this means that the'diameter 
of "the bicycle wheel is^ 27 inches. T.his^aUo means' that the 
radius is 2,7/2 = 13.5 i'nches and the .circumference is 86.4 
inches. In the picture below is* a wheel of th-is bicycle. 
How far does the wheel move after .it makes one complete 
turn? 





\^ ' distance traveled by y 
wheel in making one 
complete turn. 

In this quiz, Carlos could not do any of the problems dealing 
with circulrrference. In problem 1, he wrote = 3.2, D = 10" but 
could not solve for C.^ He obtained the correct answer in problem 2, 
and measured the diameter and radius^ correctly in problem 3. His ^ 
performance in problem-4 was similar to that in'problem K Problem 
.5 was put on the quiz to see if students could generalize their ( 
knowledge to a relatively "Qbscure" example; in this particular in- 
stance we wanted to see if the student realized that the wheel moved 
*one circumference in making one complete revo>ution, Carlos looked 
at the picture, thought for a minute, made a gesture with his hand 
while looking at the floor as if estimating the distance he thought 
a bicycle wheel would- actually 'travel in making one complete turn, 
and answered '*about a foalij^. As far as Ana*s performance goes, she 
was totally lost with respect to any problem dealing with'^elation- 
ships between C, R, and D. She, however, was able to measure the 
diameter and the radius in problem 3, 

We will make one observation before concluding this discussion- 
From both, Carlos' teaching, and his(qui£ performance, ^t appears 
that in his own mind, he had answered the questions "what can you do 
with it?" and "in what <ioeS' it result?" He knew.. that what you did 
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W9S measure certain quantities , and plug them into an*&quation which 
resulted in something close to' 3,2. It appears that Ana w^s only 
able to answer the question, "what can ^u do with it?" after 
•Carlos'' presentation r namely, you- take. a. ruler and tape, and measure 
certain quantities on a circle. Other than thatrstie had little 
idea what you did with these quantities once you measured them. 

We will offer one explanation to this. In the- interviewer 's 
attempt to be pedantic and answer the question "what good it is?" 
as v/ell as the more practical questions "what can you do with it?" 
and "in what does it result?", it appears that he was only success- 
ful in answering the latter two. The attempts to teach the student ^ 
that what was good about these relationships was that they field for 
any^ circle, and that they allowed you to compute any paj.r of the 
qiian-tities C, R, and D, by knowing only one of them, were not success- 
ful . -Carlos, in his distillation of the lesson, came away with a 
"working knowledge" of circjes, ieyen if he was not successful at 
carrj^ing out some of the algebrgjc manipulations- On the other hand. 
Ana's distillation from Carlos* somewhat terse and imprecise pre- 
sentation consisted of learning the- nanjes for quantities like "radius", 
"diameter", and "circumference" and "being able to measure them. There 
appears to be a substantial amount of attenuation of information be- 
tween the original presentation by the interviewer and th$ final dis- 
tillation ,by Ana* ' ^ 

If this "attenuating distil laticin process" occurs often, then to 
assure that students come away with at least a working knowledge of 
a topic, the topic must be presented at a jriuch higher, complete, .and 
ri^rous I'evel tlian the level that the student is actual'i^^ expected 
to assimilate* The distillation process itself will guarantee that 
a good portion of what is presented (in fact, probably the "what 
good it is?"* portions) will be lost. A presentation aimed only at 
giving a working knowledge mjy not be successful at imparting this 
working knowledge after distillation by the presentee, unless per- 
haps reinforced by substantial drill work. 
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V. dTScussion 

The fact that a large fraction of the errors we encountered 

« 

have also been found in other investigations with non-minority 
students (Davis, Jocusch, and^ McKnight, 1978; Matz, 1980) means 
that Hispanics are not unique in what they find difficult about 
algebra. It is true, however ,.^hat the participating Hispanics 
'were^at-a-^isadvantage language proftciency as evidenced by 
their poof performartce on the language portions of the Cal iforaia . 
Achievemeftt^ests . That this deficiency serves as ,an impediment in 
the learning and problem solving processes is', we believe, apparent. 
On the other hand, the impressive performance of the advanced His- 
panics on tjie C^and Qn the interview problems cer^tainly dispels 
any question af intrinsic mathematical limitations for Hispanics. 

For the rest of this chapter we will focus our discussion on 
specific topics. Before V^oceeding further, however, it would prove 
helpful to summarize the salient findings of this study: 

Students prefer not to use algebraic techniques in solving 
problems* 

- Students are^ extremely poor at verbalizing definitions of 
mathematical terms, even when they possess a correct opera- 
tional definition of the term* - 

-.Students can often obtain a solutopn to a problem, but can 
seldom verbalize the procedure they used in obtaining the 
sol ution. 

- Problem syntax is often the most important factor in deter- 
mining problertl difficulty. 

- The step that students find most difficult in solving word . 
problems is the translation of the problem statement into 
the appropriate mathematical equation(s). ^ 

- Students do not use their textbooks very much exc^t as a 
place to find assigned problems. 

- Students treat algebra as a rule-based discipline and not as 
a concept-based discipline, 

- When applying algebraic rules j students often do not apply 
*^ them selfrconsistently. . - " 
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A. ^ The Textbook 

The criticisms we are about to make of- the textbook should not 

be taken as an indictment of this pcuttLcuZcui textbook. The Dolciant 

and Wooton textbook that was used in the coursers not atypical of 

beginning algebra books (or mathematics books in general). It has 

'b^'en, and still is, one of the most popular texts used in, be'g inning^ 
★ 

algebra courses. As we stated in our summary above, it became 
, apparent soon after the beginning of the s^dy, and was confirmed by 
""theuRa£i4-^^4pating teacher, that the majority of all the students in 
the class didT^^ead^the textbook as a means of supplemental in- 
* ' struct ion— .ithey merely used it a s 'F-pl-ace^^ ta f tnd th^ problems' that 
were assigned for homework. 

The facttthat students did not read the text is not something 
that can be easily blamed on the text. Perhaps the teacher should 
have jpade mor§ of an effort to jiold the students responsible for ^ 
reading the book. What we can say is that the language and style of 
, the textbook seems more appropriate for someone who already knows a 
little about algebra, thfein for 14 year old students with absolutely 
no prior training in jilgebra. The book does attempt to convey the 
precision necessary to "communicate" in'^thematics. Vie bel ieve, 'how- 
, , ever, that tlie "incomplete" use of the text by the students may be 
responsible for some of the difficulties we uncovered,, a.s we hope' 
the following examples will illustrate. 

As discussed earlier in Chapter IV> Section D, the most mis- 
interpreted term we entountered was "quotient." Popular interpre- 
tations given by the students tp the term -quotient were "ariswer"' 
and "prtj^uct". In the section of the textBook dealing with quotients 
(Chapter 4, a section 4) we find the following instructions given in 
the quotient exercises: ^ ' ^ 

^^.^^Read each quotient as a product. Then state the value of 

the quotient" ' <» 

*, - • 

' I ' '■ — 't'- — : 

We will note in passing that !j!*slightly different edition of the 
Dolciani and Wooton textbook- used in the Algebra I class of this ^ 
" study is the textbook used in the Algeb'ra I class of the study being 
conducted by Jensen and Wagner in Georgia," 

• ' > ' ; ■ , • 

•. ' . ' ' 
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and 

"State the 'Value of each quotient". *^ 
For students reading these instructions , 'it is understandable why 
they might come away with the interpretations of "product" and 
"answer" for quotient — the^ first instruction above can be taken 
to imply that "product" and "quotient" are interchangeable; the ^ ^ 
second instruction' makes ^erfeat sense if one substitutes the word 
"answer" for "quotient^'. . ' ' «» 

Further, the text often attempted to draw upon "real life-" 
situations for its wor'd problems.. This attempt to be releviant may , 
be' of questionable pedagogic value" for students'^sucfT as the' par- 
ticipating Hispanics of this study. Even though we have no form,aJ 
measure of socicfeconomic status (SES) for the participating His- 
panics, the profile in" Appendix II ihdicates that these students are 
"below average" in SES. The following two problems from the text- 
book (found on page 76) were used in Interview 3 to assess the 
understanding that the students had of the vocabulary'-,- and will. . 
illustrate the point we are trying to make. 

"A stock selling for $30 per share rose* 2 dollars per share<^' 
each of two days and then fell ^1.75 per share for each of 
three days, Whatwas the selling price per share of the stock 
after these events?" , * " 

"On^a- revolving charge account, Mrs. Dallins purchased $27.50 
worth of clothing, and $120.60 worth of furniture. She then • , 
made two monthly payments of $32.00 each. .If the interest 
charges for the period of two months were $3.25, what did Mrs. 
Dallins then owe the accourit?" 
Upon' asking the 6 participating Hispanics who 'were interviewed in 
Interview 3 to tell us what they thought terms like "stock", "share", 
'Jrevolving charge account", "monthly payments", and "interest" 
meant, they displayed that they had little idea as to the meaning 
of .these terms. . Several students came, close to being ^ble to define, 
"interest", and stated that it was something that banks and stored 

m 

did to make more money. 

What is of questionable pedagogic value in using, problems like ^ 
the ones above is that students^were being confused by the jargon, 
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and not necessarily by the mathematics. Several students stated 
that even though they were not sUre what some of the terms mea>it 
in the "revolving charge account*' problem, they thought they could 
nevertheless splve the problem. Their attempts to solve this prob- 
lem consisted of combining the four monetary quantities given in 
the problem in- some fashion to obtain a final, albeit incorrect, 
^answer. , * , 

Perhaps more' effort shou^ld be devoted on behalf of Vesearchers 
and textbook publishers alike, on the efficacy of using "plain talk" 
textbooks over "arcane talk" textbooks in teaching students mathe- 
matics. The .only attempt of which we are'aware at using a "plain 
talk" text in teaching algebra has\been somewhat successful in its 
approach, but has apparently also met with some ambivalence from 
mathematics textbook publishers (Time, 1981). 

B, Pedagogy 

We would like to begin this section by briefly summarizing 
some characteristics displayed by the students in this study which 
we believe are- not conducive toward the learning of ^mathematics. As 
has become clear from the .interview results, students did not seem 
to appreciate that when working in a subject like mathefhatics, a) the 
slightest degree of i^nprecision and sloppiness can lead to errors 
and b) there are logical and legitimate reasons for every stage in 
any series of algebraic manipulations. It is also evident from 
the students' unvrill ingness to use algebra that they had little 
"faith" in using algebraic procedures to obtain answers. In other 
words, the notion that algebra aUows one to start with a word prob- 
lem, and by applying certain procedures such as defining variables, 
translating the relaiipnships among the variables s/arted in the 
prQblem into ntathematical equations, and manipulating the equations, i 
one is guaAanttzd of ftnding a/sodution even ^ onz ha6 ab^ohitoZy 
no idza what tkt notation avt^kojiz along thztmy , is something 
students find quite incredible. ^ ' ' 

To compound pedagogic difficulties, we found that the students 
were not ver«y, careful listeners, noriy/ere they good at following, 
ins tractions. 'One prdblem gi ven in Ijiterview 3 wtlT .exempl ify this 
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situation. The problem was the following: 

3-7, For each of the following, Underline all the operations 

that mean addition, 

3+7 = 

4f2 = - . 

3+C4-8) = ^ . ' 

9+ (7-19) = 

Here we were not interested in the students' answers to the problem 
inasmuch as we were interested in whether they followed our instruc- 
tions. As stilted in Chapter II, our normal operating procedure con- 
sisted of the interviewer presenting each problem to the student as 
opposed to asking the students to^ead a probl em silently before 
offering a solution. In the problem above it was decided at the 
staff meeting that upon reaching it, the*interviev/er would merely 
point to it and say to the student "do this problem"/ Admittedly, 
we were attempting to see how easy it was to trick the students, since 
the response we predicted was that they would solve the left hand 
side of the equality, and write an answer oh the right hand side. 
Only two of "the six (participating Hispanic) students interviewed 
atteigpted to read anci follow the instructions of the problem; the , 
other four did what we had predicted. ^ 

In order to^ address the situation as described above, what is 
needed is a pedagogic app^ac/i which addresses all of tf:ie problems 
in a global' fashion, as opposed to remedies which are applicable 
only in specific situations. To' help evaluate the pedagogical" * 
suggestions we will make, it would help to have a viewpoint or ideal 
^against which our suggestions can be judged. The viewpoint we will 
present will not only encompass' the role of concepts and skills in 
learning algebra, but also includes perspective on the Importance 
of communication skills in the educational process- In an over- 
simplified description of the situation, there appear to be two 
extremes in the approach used in teaching mathematics. There are 
those who feel that rigorous formality Is indispensable to the 
learning of coricepts and' those that feel that the possession of 
ma|gipul ative basic skills Is a precondition to learning concepts. 
We^tend to agree and yet disagree with both of theseviews. If the 



92 ,34 

1 V 



formal aspects of mathematics are emphasized at the expense of 
training in basic skills* the student may learn ,the jargon of mathe- 
matics, yet remain quite incapable of solving problems. On the 
other hand, we will not be the first to point out that although • 
working oUt lots of problems may be a necessary condition for 
problem solving proficiency, this does not mean it is a sufficient 
condition as well (Kil Patrick, 1978). 

To perceive that this\contention of views regarding formality 
v"ef§os:iiasic^skill.s is not easily reco'nciled, one need only. observe 
that w]l^j2a&-l)a®fe-sk411s- are UagM:, concepts are fiO/imed. Concepts 
cannot be taught, although they are learned in some sense of the word. 
The actual formation of a concept, however, is a purely internal 
process on the part of the student. Although the possession of 
basic skills can certainly aiUf^the student in this endeavor, no 
amount of honing of basic skills will necessarily force a student 
to, conceptualize. Our resolution of this dilemma is based on our 
belief that the single most important ingredient in the educational 
process is communication. Our recommended appwach, therefore, 
focuses on the use of the communicative process. 

Communication between the teacher and the student can assist 
the student in the process of conceptualization. The teacher can not 
only suggest the-ex^±ence of concepts and encourage students to 
grapple with them, but also, through interacting with the student, 
guide him/her toward the formation of correct concepts. It is 
imperative that first and foremost, the teacher convey to the student 
as early as possible the need to be precise when working in mathe- 
matics,^ whether itte in listening, following instructions, comnuni- 
cating, or manipulating mathematical expressions. The emphasis 
thereafter should be on helping students form general izable concepts ^ 
rather than on asking students to memorize algebraic rules-and facts. 
Further, we"" are in agrsement with Davis et aU (1978) in their 
advocacy of giving .students the fullest possible appreciation .of the 
importance of logically identifying and justifying algebraic 

*We do not mean to imply that having a command of algebraic rules 
and facts is unne'cessary. Although a command of algebraic rules 
and facts will aid in getting an answer, it does not help the student 
in designing a strategy for obtaining the answer. 



procedures, and in their claim that- "do it this way" approaches are 
not sufficient. If we were to choose one algebraic concept that is 
often taken for granted by- experts, , but which is a very difficult 
concept to grasp for neophS'tes, it is the no'Mon that algebra is an 
artform in which unfenaunmathematical 'quantities can be manipulated 
via a set'of rules in order to extract a knom answer. 

With the recent technological advances, one instructional 
approach that should be given serious consideration is the use of 
lov/-cost microcomputers for' supplemental mathematics instruction. 
That microcomputers are gaining rapid acceptance in mathematics 
instruction, both 3S teaching and programming tools, is unarguable. 
For the types of students in this„ study, computer instructional 
modules which combine presentatiisn of material with detailed step 
by-step worked-out examples, and drill work would be particularly 
helpful. We would' like to emphasize the phrase "presentation of 
ma^terial" above to distinguish this approach from the "drill" -modules 
whic"h have become the standard product of many software and pub- 
li;shing firms. There are several reasons why this approach, may prove 
' very effective for this age group.' .^First, "given- that students are 
not inclined to read the textbook, having them read the material on 
a computer's screen may be a possible solution to this problem, 
particularly since the students will likely ass9ciate this with 
watching T.V. and not with reading a textbook. Second, the "mys- 
tiques" surrounding computers can be e;{ploited to have students spend 
more time working (Jn mathematics. Finally, the fact that computers . 
are so intolerent of sloppy communication, they would help in 
training these students to work and communicate^ in. mathematics with 
mo Efi. accuracy and precision, . " . ' ^ 

C. Linguistics 

Whenever a cognitive research study is conducted with a bilin- 
gu€il population, there is always one albatross with which tD- contend," 
namely, the question of how language proficiency affected the 
findings. The idea that language may have an effect on cognitive 
processes (not necessarily tor bilingual populations), is not new. 
. For example, in Vygotsky's (1962) view, many facets of intellectual 
functioning are intimately related to language acquisition. According 
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to Vygotsky, the internalization of language introduces a re- 
structuring of many mental processes-.^ Of particular relevance to 
this study is Vygotsky's claim that problem solving strategies 
become more rational and sophisticated when they can be verbalized. 

Another view,. that of Whorf (1956), states that the language 
we speak can set certain limits or constraints on our perception. 
Perhaps, the justification for this view derives more from cultural 
effects than from linguistic effects i that is, it may well be that 
cultural experiences are as important as linguistic experiences in 
-forming our^ -per€epfc3^n5^.*-t^-he>^i^i^^^ the^rJflhQrti^P-.hypO'- > 

thesis lies in how to dintinguish between these two effects. 

One hypothesis adduced by Cummins (1979) deserves particular 
attention due to its wide range of applicability. Cummjns' 
JUnQijuUtLc thAUhotd hypotkul6 posits that "therB may be a threshold 
level of linguistic competence which bilingual children must attain 
both in order to avoid cognitive deficits and to allow the poten- ^ 
tially beneficial aspects of becoming bilingual to influence their 
cognitive growth" (1979, p. 229). Cummins does not define the 
threshold level in absolute terms since it is likely to vary depend- 
ing on the child's ^tage of cognitive development, and on the 
academic demands of the different stages of schooling, « 

Cummins does define three types of bilingual ism. The first, 
"semilingual ism" , is characterized by a lower than threshold level 
of linguistic competence- in both languages. In semi 1 ingual ism, both 
languages are sufficiently weak- to impair the quality of Inter- 
action the student can have with his/her educational environment. ^ 
The negative effects of semi Vingual ism are no longer present in * ' 
"dominant b ilingualism", characterized by an above threshold level 
of competence in one of the two languages. Dominant bil ingual i sm 
is supposed to have neither a positive, nor a negative effect on 
cognitive development. The last category, "additive bil ingualism", 
is one which has positive cognitive effects- Additive bilingual ism 
is characterized by above-threshold competence in both languages. 

In our investigations'with college' level Hispanic engiVreering - 
students, we have found that, on standardized language proficiency 
measures, Hispanics score considerably below their Anglo peers 



(Mestre, 1981). This below-average^performance for the Hispanics 
holds across both Engfish and Spanish* In t^rms of Cummins* defini- 
tions, these Hispanic engineering majors appear to be "semi 1 ingual". 
Even thpugh we have not made an assessment of the Spani^sh proficiency 
of the participating' Hispanics of this study, it appears from their 
performance on the language portions of the CAT that these partici- , 
pating Hispanics are below threshold, at least in English. Although 
it is extremely difficult to separate language effects from other 
effects, findings with college Hispanic students (Mestre, Gerace,^nd 
Lochhead, 1982; Mestre, 1982), as well as with the partici pa ti rig 
Hispanic group of this study indicate that this lower language pro- 
ficiency level has an adverse effect on performance in various 
mathematical tasks. The facts that the advanced Hispanics of this 
study appear to be at least "dominant bilingual s" (and perhaps 
"additive b'il ingual s "), and that their performance in this study 
was extremely strong by any measure, lend support to Cummins' 
hypothesis." 

Finally, it appears to us that any effo*:^ designed to increase 
thejanguage proficiency level of bilinguals, at least up to the 
level of their monol ingual peers, is most desirable^ It^does not 
Jippear to be too important which of the two languages is developed, 
as long as at least one of them is highly developed; however, for 
the obvio4js reason, the language used for instruction in the stu- 
dent's school^may be the most appropriate to target for development.; 
A word of warning is in order. Although there are strong indications 
that being highly proficient in language is a necessary condition 
for cognitive development, it certainly' is not a. sufficient con-, 
difion as well , - " . 

D. Directions for Future Research 

Even though there have been a plethora of research studies 
conducted in mathematics education, very few have focused on minority 
populations. In fact, we are not aware of any other systematic 
study of the algebra acqqisition and problenf sol ving skills of 
Hispanic adolescents. Before serious consideration can be given 
to the design and implementation of programs which attempt to 
increase the percentages of 'minorities pursuing math, and math- 
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related careers to a level commensurate with their na^:ional represent- 
ation, there must be an increase in the number of research programs 
which attempt to identify, assess, and define the specific problems 
contributing to the current situation. 

We would like to' suggest several questions for possible future 
investigations which would be of particular relevance if researched 
with minority populations. These questions have been'divided into 
four distintt areas:, 

1. Effectiveness of Textbooks 

- - Why are students inclined not to read their mathematics 

textbooks? 

- Would their understanding of mathematics improve if students' 
, were forced to read their textbooks? 

/\re "plain language", textual presentations more readable for 

- ' students with language deficiencies? Will these students 

read a pl.ain language textbook without encouragement? 

- What are some possible changes in textbook style that may 
make them more effective didactic tools? ~ ■ * 

- Does the fact that almost all math textbooks on a particular 
subject appear to be cloned from some "standard "'derive, 
from tradition, logical pedagogic reasons, or the unwilling- 
ness on behalf of textbook publishers to take risks with * 
"innovative" approaches? 

2. Effectiveness of Computer Ass-isted Instructional Approaches 

- How effective are CAI approaches as supplemental instruction 
for minority students? 

- Will students read textual material more willingly if it is 
presented at a speed and level commensurate with the stu- 

' , dent's speed, and level of reading comprehension? , 
• > Will minority students spend more time working in mathe- 

■ matics if they. had the chance to work with computers? 

- Are computers effective for use in teaching problem solving 
■ . ' as opposed to the traditional use as "drill instructors?" 

3. feff^ct of Language in the Problem Solving Process 

- Hpw'do reading speed and reading comprehension affect prob- 
lem solving performance? 
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What is the single best language predictor of word probleni , 
solving proficiency for minority studants? \ 
Is an increase in language proficiency followe'd by an increas^ 
in mathematical proficiency?! 

Sociological and Economic Factors . >^ '.^ 
How can minority parents be made to involve themselves in j 
the educational process of their children? / 
How do programs that combine career counselling and role 
models affect the attitude and motivation of minority stu- , 
dents to pursue^athematics? ^ , 

What is the effect of family economic level on a student ^s 
proclivity to pursue mathem|tics? if 

t 




VI. RECOMMENDATIONS 

The participating teacher made two points during tl^ last staff 
meeting when this report was the topic of discussion. It would ^per- 
haps be elucidating to convey these^wo points before moving to the 
specific recommendations p^posed below. The first point^made by 
the participating teacher was that since the "character" of mathe- 
matics classes varies from year to year and from class to class 
depenjding on the students comprising the class, it is unrealistic to 
expect that one pedagogic approach which proves very effective for 
one particular class would have the same result when used with 
another class. The second point conce.rned the realism of dealing 
with" 14 year old adolescents. He claimed that, given this age 
group's maturity leve^, some pedagogic approaches were likely to 
prove more effective than .others; in particular, approaches which 
demand the undivided attention of the whole class for a prolonged 
period of time would not prove fruitful, , ' ' 

' In terms of the recommendations below, we believe that they 
would be Qf benefit to all students. However, we have designated 
several which we feel would-be particularly beneficial for students 
such as the participating Hispanics of this study whose language 
proficiency level is below that of their Anglo peers. Our recommend- 
ation's are the following: 

1. Students should be asked to participate in the process of 

« 

learning concepts. Although these students are not of an 
age where they are naturally introspective, encouraging an5 
aiding them in forming general concepts are preferred over 
passively absorbing rules.- Whenever possible, procedures 
. which are general izable to a wide range of problems should 
be emphasized over rule-oriented procedures which apply 
only to a narrow range of problems. Concept formation can 
b£ reinforced by presenting the students with both correct, 
and incorrect ex^imples and asking them to recognize valid 
procedures 'as well as fallacious logic. It is often the 
case that the real hint of a concept lies in the path to 
th? answer and^ not— in the-answer-itsel-f-, — ^ 
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More important than the pedagogic style of the teacher or 
textbook is the harnx)ny between the two. The teacher should ' 
use a textbook which is consonant with his/her teaching 
style, ^so that both text and 'the teacher emphasize a single 
approach. The-teacher's primary objective should be to 
impart to the student hi^/her understanding* of the material 
rather than some supposedW superior way of-- thinking about 
the subject --^one which he/she neither uses nor feels fully> 
comfortable with- 

Students should be held responsible for reading the text- 
book* The ability to learn from written material is an 
indispensible tool for self-1 earning and should therefore 
be incorporated as early as possible in the educational 
process, - ^ 

Whenever a new definition or procedure is introduced, it 
should be compared 'and contrasted with previous ones- 
Equally impOrtani; e^s telling students \ihat something is, 
is telling them what something is not. The use of counter- 
examples or discussions of incorrect applications of rules/ 
procedures would help students assimilate the correct rules/ 
procedures more quickly. 

Students should be made to realize that two very 'important 
ingredients in mathematical reasoning are precision and 
consistency. These, same characteristics should be sought . 
in the communication process itself. Due to the great re- 
dundancy present in oral conmunication, and aided by the 
context' of the sttuation, most of us canjtolerate large 
doses of imprecislon^and inconsistency an oral communication- 
When attempting^to teach or learn mathematics, however. 
Imprecision and n'nconsistency can be very'debllltati ng* 
The use of microcomputers for supplemental instruction in 
mathematics should not be'underestimated- Microcomputers 
may serve to motivate students to spend more time on mathe- 
matics, force them to communicate more precisely with a 
, machine which Is very intolerant of sloppy communication, 
and provide an opportunity to present material which students 
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' would not otherwise be' inclined to read in* the textbook. 
The following three recommendations would be of particular benefit 
to- students with language def iciencie'Ss 

7. Students should .be_as_ked to verbalize the rules, strategics, 
definitions, and procedures that they employ in solvir^g 

. problems. This would serve to a)* monitor the precision 
with which the students communicate mathematical ideas, 
b) encourage students to always have a reason to justify 
what they are doing, and'c) reveal any misconceptions the^ 
student has so that the teacher has an opportunity to . • 
address them'. * 

8. In word problems, the emphasis* should be on teaching stu- 
dents sound procedures *in transl ating jthe problem statement(s) 
•into mathematical notation. By defining variables and 
writing appropriate equations to represent the problem^ 
statement, students would begin to appreciate more quickly 
that they do not have to know the answer "alLat once", 

but that the resulting equations are the means by which to , 
obtain an answer. ^ 

9. A concerted effort should be- made to increase the language 

^ proficiency level of "semilinguaV students (in the Ctmimins 
sense) to at least the "dominant bilingual" level; Although 
the evidence is not conclusive, indications are that "semi- 
lingual ism" may have an adverse effeqt on the communi^cat'ion 
process which we believe to be cru^nal in the educational ' * 
process. ^ 
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Interview Questions 
FiYst Interview Session 



• Question Set A, 

!• Where is the origin on this number linp? 

2, Which is the positive direction? What is the other direction called? 

•••—^7-1 1 1 f h » 



-2-1012 
Question Set B • . ' ^ 

V 

1. Where is -1/4 on this number line Where is 1/2? 

1. Can you label all, the mark^? Explain 

3. How many numbers are represented by each mark? 



H — • — »- 



"2 

Question Set C 
^. Where is +1? 



-K — J— — \ — I — I — I — \ — I — I — I — I — I — I — * — ^ 



-1 



0 



1 



At 



-4- 



1^2 



2, How much distance is between -1 1 and 1 ? 

2 2 ' 

3, Can you label all the marks? , . , 

4, If I tell you that 1/2 means'1/2 mile east of my'house, where would 1/2 
mile west of my house be? is my house? If my friend, Jul iar lives 
2 miles west from my house, where does she live? 



Question Set D 



What is 3 X 6 + 2 = 



be 24 and launch into dis^cussion) 

2, Are these sets equal? ydy? 

(1,2,3} {3,1,2} 

3* What is an infinite set? 



? (If student answers 20, point out it could 




Interview Questions 
Second Interview .Session 

Question Set A 

1. 'How would you answer th^ question "What is a number"? 

2. How many numbers are in this set? {1, 1/2, 2/3, 4, 1/8/7} 
si^Is a fraction a number? Why or why not? 

4. How would you define a fraction? 

5. Which of these are fractions? Why? 2, 1/2, 3/4, 5/3, 4/2, 9/3, 6/1, 10, 52/1 

6. Which of the following mathematical statements are equations? Why? 



a) 3 + 1 = 4 

b) 3x - 9 ' 

c) 3 + y ■ 
X + z 

d) ..10 + 2=8 



e) X - 7 < 10 

f) Z = 19 

g) 5(x + y) = 20 

h) 8 > a 



i) 6_ 



2 + y 

j) 8 X 3 =. (9x4)- 12 

k) w + t 
7 

1) 8 _ J_ . 



t 

Question Set' B 

Look at the following sets 

I. {the positive integers} 

II. {the negative integers} 
IIL {the non-negative integers} 



IV. {the even positive integers} 

V. {-5> -3, -1, 0, 1, 3, 5} 
Vl! {-4, -2, 0, 2, 4} 



1, Which of these sets has the fewest elements? Why? 

2, Which of these sets has the most elements? Why? 

3, Are any of these sets equal? Why? 

4, What is the solution to 25 > 5x 

if X £ {the positive integers} 
if X e {the negative integers} 
if X e {-5, -3, -1, 0, 1, 3, 5} 



'^^^^C ask for explanation in each .case) 
hKJC i_2 
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' Question Set 0 

1. You probably know that there ^re 12 inches in one foot. If I write the 
equation 

121 .= IF y 

What does I represent? What does F represent? . • 

2. Write a mathematical expression to represent the statement: "subtract 7 
from the quotient of x and y". 

3. Suppose I told. you that the number of students in this school is equal to 
thirty times the number of classrooms. Can you write an .equation that 
says this. 

4. SuRpose I have a ball which I drop from a certain height. Every time the 
ball bounces, it only goes up to 1/2 of the highest point reached in the 
previous bounce. If I drop the ball from 16 feet, how high dpes it go 
after the first bounce. How high does it go after the second bounce. 
Suppose I have another ball that goes up to 3/4 of the highest point 
reached in the previous bounce. .. (repeat problem) 

5. Suppose I have an apple pie and I- cut it like this, and th6n like this. 

/ ^ If I eat this piece, how much, of the pie is left? (try to get 
I 1 ] them to give a fraction) 

Question Set D 

1. If I write 32, what does it mean? What does it equal? 

2. Which of the following is (x + y)2 equal to? 

a) 2x + 2y b) x2 + y2 c)(x+y)(x +y) d) x + y2 

3. Suppose x = 3 and y = 4. What is (x + y)^ . 



4. Which of* the following eqbations are true statements? 

a) _x_ _ ^ _x_ i 

^ y+z " y z- ; , 

b) r+s» - JL. . ^ • 

t t t ' 



5. Which of the following 'is 3 + x equal to? 
^ ^ 7 + y 



a) -3 + X ^ 3 + X.- 

bl 3.x 
7 y 

•c) 



7 + y 7 + y 



6.. - If X =*13 and y. = 1 , what is the value of 3 + x ? 

. ^ ^ * ^ 
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^ • Interview Questions 

Third Interview Session 

1 . What is an axiom? 

2. What is closure? In other words, what does it mean' to say that the set ofv 
integers is ."closed" under the operation of addition? 

3. Can you explain what "absolute value" means? 

4. Which of the following equations are tr.ue and why: 
8-4 = 4.8 17 1.4 = 4^17 
a+b=b+a x-y=y-x 

a - b = b - a x ^y = _x_ 

8-3=3-8 a(7+b) = 7a + ab 

; a(7-b) = 7a - ba a(7-b) = (7-b)a 

10(6+3) + 4°= 4 + 10-5 + 10-3 
, 10 4- (2+5) = (10 2) + (10 1 5) 

# 

5. What-is 3 >1 6 ? 

2-8 

6. What is J_ times 1 ? 

8 5 



7. For each of the following underlineill the operations that mean addition. 
3.7= * 
4 12=' 
3 + (4-8) =■ 
9 + (7-19) = 

•8. For each of the following real numbers, find the reciprocal, or 

multiplicative inverse. 

-_2_, - -4, 8, 12, _L, J_ 
'3 2 4 
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Find the numerical value of the following: 

6 - |4l = • " 16-41 = ■ • . - % 

6 - Ml = M-6| - ^= ^ 

14-61 = • J-6 I + 1-4 1 = 

If ,a = -3, what is the value jf the following: 
7-a = 7 • a. = a - 7 = 

7 - lal = 7 + a^= • I lal r 7 | = \ • 

The tempehfture at 12:00 noon is 2 degrees. At. 6: 00 p.m. it is -8 degrees. 
If between 6:00 p.m. and 11:00 p.m. the temperature drops twice as much as 
it did between 12:00 noon and 6:00 p.m., what will be the temperature at 
11 :00 p.m.? , • ' • 

A submarine dives to a-level 730 feet below the surface of the ocean. Later 
it climbs 200 feet and tben dives another 80 feet. Wrfat is then the depth 
of the submarine? 

(Explore students' understanding of vocabulary in the following two problems 
from page 76 of text, "Modern Algebra Structure and Method".) 

a) A stock selling for $30 per share rose 2 dollars per share' each of two 
days and then fell $1.75 per share for each of three days. What was the 
selling price per share of the stock after these events? 

b) On a revolving charge account, Mrs. Dallins purchased $27."50 worth of 
clothing, and $120.60 worth of furniture. She then made two monthly pay 
ments of $32.00 each. If the interest charges for the period of two 
months were $3.25, what did Mrs. Dallins then owe the account? 
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•Interview Questions 
Fourth Interview Session 

Question Set A 

1. Solve the following equations: 

a) 2 + x= 3 d)4 + a = -6 

b) X + 7 = 10 e) r - 3 = -8 

c) y - 12 = 40 f) X + 9 = 4 • 

2. Solve the following equations: 

a) 3x = 6 d) 9a = -18 

/ 

b) 4y = 10 e) _j<_ = 33^ 



c) -2x = 12 



f) = -4 
8 



3. Solve the following equations: 

"a) 5y + 10 - 3y - y = 14 •' , 

4x + 7 = 6x - 5 
c) 7(x + 3) = 21 

4. Simplify the expression: 

• i-Ub) = 

5. a) What is -7- times 3? 
. b) What is -3 times 7? 

6. If a = 3 and b = 4, find a oumerical value for the following: 
*" a) ab =^ 

b) ba = 

I 
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7. Look at the following equation: b + 3 = 7 

Which of the following changes do not change the answer to the equation above 

* 

a)4+b + 3 = ^ + 7 d)b + 3 + a = 7 

♦b) 6b + 3= 6- 7 e)b + 3 + a = 7+ a 

c) 2(b +^3) =7 f) 4(b +'3) = 4 ■ 1 ' 

« 

8. Pick the correct answer (or answers) to the following problem: 

» a) b2a 

-^(ab) = ? 



c) a 

d) a.- 
b 



Question Set B • , " « 

K Write an equation for each sentence below. " ^ 

a) A number* added to 7 equals 12. . ^ 

' b) Six times a number results in 24. 

c) Twice a number equals 16, 

d) Twelve more than twice a number is. 6. , 

e) The quotient of x and .3 is equal to 2T- 

f) Add 4. to a number, then subtract 5 frorti the "sum and you get 43. 
j)'Add 3 to a number, then multiply this, sum by 4 to get the answer 50. 



> ' if 

r 
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Question Set C *■ 

1. Use the calculator to find answers to the following problems. 

a) 8-3 = c) _90_ _ ' * 

" 15 " 

b) 5 • 4 = d) 92 = 

2. For the followirvg five proJDlems, first*find an answer, then use the calculator 
to check the answer. 

a) 3 - 8 = c) 5(3' + 4) = • e) (2-4) • 3 = • 

.b) 3.4 ^ = d) (3 + 4) • 5 = 



Question Set D 

Solve the following problems. 



1. In 8. years. Ana will be as old as her sister, Sonia, is now. If Sonia is 
23 ye-ars old, how old is Ana? • , 

2. Johp spent 6 hours on the lake. If he fished for twice as long as he swam, 
how long did John spend fishing? ^ 

3. A MacDonald's hamburger has 250 calories more than an apple pie. An apple 
pie has 50 calories less than a milkshake. If 3 MacDonald hamburgers have 
a total of 1800 calories, how many calories are in one milkshake? 

4. . Tom rides the school bus part way and walks the remainder. He walks 3 

minutes longer than he rides. If it takes Tom 17 mirrutes to arrive at ^ 
school, how long does he spend on the bus? 
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Interview. Questions 
Fiftit Intemew Session^ 



Question 'Set A ^ 1 * , 

1, Given these twd^ets:' A={1 ,5,0,-3,19,29,4} and. B={-1 ,19,21 ,29,4,-40} 

What is AuB? l^hat is AnB? 
Can you draw a diagram showing these two sets? 

2- Look at this diagram: 

- a) According to the diagram, ar^ there 
baseball players that do n6t make 
lots of money? 

b) Are there people that make lots of 
money who are not baseball players? 
if so, what part of the diagram 




ERLC 



a) What does this diagram tell you? 

•b) What part of the diagram represents 
those fruits that are not apples? 



.'V 



Question Set B 

Look at the 
What is the 
value of f(-5)? 




1. Look at the following function: f: X->^4X-2, 
What is the value of f(l)? What is t>e' value of f(3)^ What is the 

2, Suppose we make up a new operation, *as follows: 

A * B = 2A + B 

What is 3*9= ? 



Question Set C 

1. Which of these are true statemej^ts? , ^ . 

a) 5 2 b) 6 < 3 c) -3 > -8 d) -5 > 3 e) 1/3 < 1/2 
f) -5/3 < -1/2 , 

2. Starting with. 5 < 7, how could you multiply both sides by -2 and write 
the answer as an inequality? 

3. If a < b, then which of the following are true, which are false, and 
which can't you tell whether tliey are true or false? ' • 

a) a < b+3 b) a+3 < b+3 c) a+3'<, b d) a < -b * e) -a > -b 

i-io lis 



Questipn Set D ' ' ' 

1. 'What is a variable? What are variables used for? ' ' , ^ 

2. Circle all the variables below: 

a) 2Y+^ b) 2X+Y=15X c) 7+2=9 ^ 

3. What do you think is the hardest thing about solving word 4Droblems? 

4. Look at the following^ problem: 

The sum of Mary's age and Gary *s age is 23. Mary is 3 years ^ 
older than four times Gary's age. What are-^the ages of Gary 
and Mary? . . ' 

a) How niany variables do you need to solve this^problem? 

b) Is there, something you find hard to do when you try "to* solve 
this .problem?-, ' ^ , 

c-)-Gafv^ou-so^lve-4fe?^ — - — — 1-^- — — — ~ 

Qu'^stion Set E . . ^ 

* If 

1. La suma de dos numeros ^nteros The sum of two consecutive integers 

consecutivos es 51 iCuales son* is 51. What are the numbers? 
los numeros? 

1[ Work out the following two problems; 

a) Si Tapices cuestan 5(t, icuaritos puedes comprar con $2.05? 

b) How m,any 15(t candy bars can you? buy with $1.65? 

3. ^ Write an equation for the fol lowing ^two statements; 

a) Dos veces' un numero sumado a tr^s es igual a 5, 

b) Doce mas que el dbble -de un numero resulta .en 6. 

4. El costo de una'casa y,un ter^eno es $40,000.^ La casa cuesta siete 

veces mas que el terreno/ iCuanto cuesta la casa y cuato cuesta el terreno?' 

> 

5. a) John has 6 times more quarters than dimes. How many dimes dfees 

he have if he has 18 quarters? 

b) En una fiesta hay 8 veces mas botellas de cerveza que de vino. 
iCuantas botelllsi^de vino habraa si hay 16 botellas de cerveza? 

c) The larger of two consecutive even integers is six less than 
twice the smaller. What are the numbers? 

d) El menor de dos numeros enteros consecutivos es unp mas que el 
doble del mayor. iCuales son los numeros? 
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Interview Quest^ions 
Sixth Interview Session 

Question Set A 

1. What is the difference between monomial, a binomial,,^ and a- polynomial? 

2. Add the following expressions:' 



a) (3Y^+Y-4) + (-2Y^+5Y+1) 

b) (7X^-2) + (4X^-3X+9)' ' ' 

c) (6R^S + 11) + (3R^S + 2RS + RS^ + 2R + \) 
Solve e^ch -equation: 

a) (4-2X) - (X-5) = (X+2) (3-X) 

b) -3Y - (7-5Y) = 15 



4. Simplify each expression: 



a) 

e) (x5)(x'^) = 



b) (2YZ)(3Y^)= ' c) (ab)^(ab)^= 



2.n3 



d) (rS) 



a) X^Y^ 



5. If X=3 and Y=2, what are the values of the following: 
b) (XY)2 c) (X^Y)^ d) (X+Y)2 

6. If f(x)=x+3 and g(x)=x-2, what is: 

a) f(x) + g(.x)= 

b) f(x) - g(x)= ^ i , ' 

c) f(x) . g(x)= ' ; ^ '." . 
Question Set B 

1. Mr Smith noted the number of' cars, Ci and the number of trucks, T, 
in a parking lot' and wrote the following equation ^to represent the 
situation: > *' ' 

8C=T 

Are ther« more cars or trucks in lihi? parking lot? Why? 
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Write ari,^fexpression using variables for the following statements: 
1. A number addffd^o*? equal's^ 18. ' 

3. Six times a number is equal to a second number. 

4. N-ine times a number results in 36, - W • ' 

5. ^en years, John will be eighteen years 6ld. 

6. Thelnumber of nickels in my pocket is three tilnfes more than tKe 'numter 

of d^ies- . ' ' 

< 

The number of math, books on the book khelf is equal to eight times 
the number of science books. 



.There are four tiijies as many English teachers as there are math 
^ teachers "at thi'^ school . , , " . 

9'! Last year, there were si )^ times as many men cheating on their income 
tax as there were women. ^ ' 

10'. Six times the length of € sti^k is 24 feet. ' 

11. '" ff a certain chain were four times^as long, it would te 36 feet. 

* 

12. -The sum of two consecutive integers is 25, 

13. rf the /libber of people in China were decreased ja^* a*tactor of 8, 
then the number qf people ihOhina an<j tbe number' of people in* 
England would be (che same, * * 

14. The -sum of the ages of tw6 .horses born one year, apart is 25. 
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Question Set A 



.■^i>p^s Eighth Interview Session 



1. Suppose' X-1 70. What is the value of X-37?- 

^ T. Suppose 7+1-3=160. What is the value of ,Y+1 3-1 5? ;/ 

' 3. Suppose 5(2Z+1)=10. Wl?at 'is tfie value of . (2Z+1) ? 

2 

Question Set B - • 

Solve the foil owif\g problem?: ♦v, . 

1. A number added to 11 equals 23. What is the number? * 

2. Twice a number is 26. What is the number? 

3. Six times a number. is equal to a second number. If the second number 
. rs 48',^^hat. is the first number? 

4. A ndmber multiplied by 4 results in 36'. What is the number? ^ 
Question Set C 

1. In a recent survey conducted among the reachers of t.his* school ^ it . 
was discovered that 11 teachers wanted, to continue school through thie 
summer^ Hqw many more teachers would be needed to raise this number 

to 23. , ' ^ ' V 

2. Different bicycles have different size wheels. So(h6 have very small, 
wheels (onlyJO inches high), afid some old bicycles have a fron;t wheel 
over 6 feet talK Marly modern 10 speed bicycles have wheels 26 inches 

. high. What would be the distance frpm the, ground to the center of a 
26 inch "bicycle wheel ? . ^ , ^ 

3. An article in a recent medical magazine states that college wonien who 
smoke cigarettes are six times as likely to have lung ca^ic6r a^^ college 

} , ^ women who don't smoke. If in a Urge eastern state univerf.ity there 
are 48 smoking women with 'lung cancer, how many non-smoking women wfth 
Oung. cancer are there likely to be? , * 

4. In a small blood sample analyzed at the local hospital, there were '\ 
36 r^d blood cells found. It was also-found that the number of serum 
'antibodies '^as smaller than the.number of red blood cells by a factor 
of 4. How many serum antibodies were found in this blood §ample? 
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Question Set D 

^ — f 

1. What is a prime number? 

Which of the fol lowing are prime numbers and why? 
a) 2 b) 3 c) 4 d) 5 e) 6 f) 7 ' 

2. I Simplify: 9Z^ + 15Z 
^ 3Z 

3. Multiply out: 

a) (X+2)(X-3) 
• b) (3Y+l)(Y+5) 

4. Factor the following: 

a) a^+a -6 

b) X^+5X+6 



r. 
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^ , Appendix II 

Selected Background Information 
on Student Participants 



Participating Anglo Group 
\ • : Student # 



Background 



1 

(female) 



2 

(male) 

• -3 
(male) 

4 

(female) 



5 

(male) 



Born and raised in the same city where 
the study was conducted. Father is deceased; 
mother works *as a head nurse. Hobbies in- 
clude participating in numerous sport 
activities and playing poker. Plans to 
attend college and major in nursing. 

No information 



No information 



Was bom in a town next to the city where she 
now has beeri living for 4 1/2 years. Father 
not living at home '(did not specify reason). 
Mother is a housewife holding no outside, employ- 
ment. Hobbies include playing soccer and 
Softball. Is not sure whether she plans to 
attend college. 

Bom and raised in the same city where the 
study was conducted. Father works in con- 
struction while mother is a mill worker. His 
hobby is weight lifting. Plans to attend 
college and study medicine* 



Participating Hispanic Group 
Student # 

1 • r 
(male) 



Background 

Bonn in New York City of Puerto Rican parents. 
Has lived in New York City, Connecticut, New 
Jersey, Puerto Rico. Father is deceased, mother 
ij5 a-housewifev Has spent the last 4 years in 
the city of the study site. The language of 
instruction used in grades 1 and 2 was Spanish. 
Grades 3,4, and 5 were spent in a bilingual 
program where both English and Spanish were used, 
for instruction. Speaks to parents and friends 
in both Spanish and English. Has been mainstreamed • 
since grade 6. His favorite subject in school 
is math. Hobbies include participating in 
numerous sports activities. Plans to join the 
Ariny after high school. 
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Paj'tici pants in Hispanic Group {.Continued) * 
Student # * ^ Background 

2 " Emigrated from Columbia 5 years ago and 
(male) has been living in the city of the study 

site since then. Did not specify parents* 
occupations - only stated they both work. 
The language of instruction for grades 1 
through 4 was Spanish. Has been mains treamed 
• since grade 6. Speaks to friends in English 
but to parents in Spanish. His favorite 
subject in school is.math. Hobbies include, 
participating in numerous sports activities. 
Plans to go to college and major in architecture 

3 . Bt)rn in New York City of Puerto Rican parents, 
(male) ^ 'Moved to city of study site from New York City 

5 years ago. -Father does not live with family. 
Mother works tfut did not specify occupation. 
Speaks English at home and both English and 
Spanish with his frieriys. His favorite sub- 
ject in school is math. Has always been in 
the m'ainstredfnVurriculum, Hobbies include 
drawing, daiicinq, and participating in numerous 
sports activities. Plans to attend college 
and major in architecture. 

4 Born in New York City of Puerto Rican parents, 
(female) Parents are co-directors of a d2(y-care center. 

•Has always been in the mainstream curriculum. 
Speaks English at home an^ with friends. Her 
favorite subject in school is social studies. 
Hobbies include participating in numerous" 
sport activities. Plans to attend college and 
major in engineering, 

5 ' This student is the older brother of student 
(male) #4. Background information is the same as 

for his sister. His favorite subject in school 
is math, Plans to go to college bu^ is un- 
decided on what field to study, 

6 Born in Puerto Rico. Moved to Pennsylvania 

(inale) as a young child and has been living in the 

city of the study site for the last 5 years. 
Neither father nor mother were employed. Speaks 
Spanish at home and both Spanish and English 
with his friends,^ Has alw^^ys been in a main- . 
stream curriculum* His favorite subject in 
- school is math. Hobbies include participating 
in numerous sports activites, PJans to attend 
college; he is undecided on what field to 
. study, but is sure he wants to play football 
' * while in college. 
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Advanced Hispanics i 
Student # 



1 



(female) 



(female) 



.3 

(male) 



Background^^ ' 
Born in Columbia and immigrated to the city 
of the study site when she was 4 years old. 
Has always been in the mainstream curriculum. 
Speaks Spanish at home. Her favorite subject.-' 
in school is social studies. Plans to attend 
college and study law. 

Born in Puerto Rico and inmigrated to the city 
of the study site when she was 3 years old. • 
Has always been in a mainstream curriculum. 
Speaks both English and Spanish at hpme. Her " 
favorite subject in school is English. Plans 
to attend college and study nursing. 

Born and raised in the mainland. Has always 
been in a mainstream curriculum. Spealcs both 
English and Spanish at home. His favorite 
subject in school is math. Plans to attend 
college but is not sure what field tp study. 
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